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1 Introduction 

Many physical systems are described by geodesic dynamics on their Lie group configura- 
tion space. Besides finite dimensional cases, such as the rigid body, one of the most cele- 
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brated continuum systems is Euler's equation for ideal incompressible fluids Arnold [1966], 
followed by magnetohydrodynamics in plasma physics Hattori [1994]. These geodesic fluid 
flows may allow for 5-like measure valued solutions, whose most famous example is the 
vortex filament dynamics for Euler's vorticity equation. Another example is provided by 
the magnetic vortex line solutions of MHD Garcia de Andrade [2006], which are limiting 
cases of the magnetic flux tubes observed, for example, on the solar surface. 

Then, the existence of vortex solutions in different physical contexts leads to the 
natural question whether these singular solutions may emerge spontaneously in gen- 
eral continuum descriptions. For example, Euler's equation is not supposed to gen- 
erate vortex solutions, which are usually considered as invariant solution manifolds. 
On the other hand, the singularity formation phenomenon (steepening) is one of the 
special features of certain shallow-water models such as the integrable Camassa-Holm 
equation (CH) Camassa and Holm [1993] and its higher dimensional version (n-CH) 
Holm, Marsden, and Ratiu [1998], describing geodesies on the diffeomorphism group with 
respect to H 1 metrics. Its extension to more general metrics is known as EPDiff Holm and Marsden 
[2004] and found applications in different contexts, from turbulence Foias et al. [2001] to 
imaging science Holm et al. [2004]. Remarkably, the singular solutions of these systems 
have been shown to be momentum maps determining collective dynamics on the space 
of embeddings. This momentum map turns out to be one leg of a dual pair associated 
to commuting lifted actions on the cotangent bundle of embeddings, Holm and Marsden 
[2004]. 

Another remarkable property of the Camassa-Holm and its n-dimensional generaliza- 
tion on manifolds with boundary is the smoothness of its geodesic spray in Lagrangian 
representation (Holm and Marsden [2004], Gay-Balmaz [2009]) which proves the local 
well-posedness of the equation in Sobolev spaces. Such a property was first discovered 
in Ebin and Marsden [1970] for ideal incompressible fluids and later extended to the aver- 
aged Euler equations with Dirichlet or Navier slip boundary conditions (Marsden, Ratiu, and Shkollcr 
[2000], Shkoller [2000], Gay-Balmaz and Ratiu [2005]). 

The integrability properties of the CH equation were extended to a two component sys- 
tem (CH2) Chen, Liu, and Zhang [2005]; Kuz'min [2007]. This system was interpreted 
in terms of shallow water dynamics by Constantin and Ivanov Constantin and Ivanov 
[2008], who also proved the steepening mechanism. The investigation of the geometric 
features of the CH2 system allowed to extend this system to any number of dimension 
and to anisotropic interactions Holm and Tronci [2008]. Although possessing a steepening 
mechanism (singularity formation), the CH2 equations do not allow for 5-like solution in 
both variables thereby destroying one of the peculiar features possessed by the CH equa- 
tion. However, slight modifications in the CH2 Hamiltonian introduce the 5-function 
solutions for a modified system (MCH2). These solutions were shown to emerge spon- 
taneously in Holm, O Naraigh, and Tronci [2009], where the corresponding steepening 
mechanism was presented. Recently, the MCH2 system has been shown to be in strict 
relation with the two-dimensional EPDiff equation Holm and Ivanov [2011]. 

All the systems mentioned above determine specific geodesic flows on certain infinite 
dimensional Lie groups: CH and n-CH are geodesies on the whole diffeomorphism group, 
while CH2 and MCH2, as well as their n dimensional generalization or their extension to 
anisotropic interactions, are geodesies on a semidirect product involving diffeomorphisms 
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and Lie group-valued functions (i.e. the gauge group). Therefore one is led to investi- 
gate further the properties of geodesic flows on diffeomorphism groups (cf. e.g. Vizman 
[2008]), with particular attention towards the singular solution dynamics and its underly- 
ing geometry. Some of the momentum map properties of MCH2-type systems were found 
in Holm and Tronci [2008]. These suggest that more fundamental features are attached 
to systems on infinite-dimensional semidirect-products. This stands as the main moti- 
vation for this paper, which focuses on the investigation of the deep geometric features 
underlying MCH2-type systems, in terms of geodesic flows on the Lie group of bundle au- 
tomorphisms. In physics, the Lie group Aut(P) of automorphisms of a principal bundle P 
is the diffeomorphism group underling Yang-Mills charged fluids Holm and Kupershmidt 
[1988], Gay-Balmaz and Ratiu [2008] and this provides a physical interpretation of the 
geodesic flows considered here. For example, MCH2 corresponds to an Abelian Yang-Mills 
charged fluid, that is a fluid possessing an electric charge. When the principal connection 
on P is used to write the explicit form of the equations, this leads to the interpretation 
of a charged fluid in an external magnetic field, whose vector potential is given precisely 
by the connection one-form. 

1.1 Goal of the paper 

In this paper, we investigate geodesies on the automorphism group of a principal bundle, 
thereby formulating what we shall call the EP Aut equations (Euler-Poincare equations 
on the automorphisms) , which generalize the systems mentioned in the previous section. 
In particular, the principal bundle setting allows to comprise all the momentum map 
properties of MCH2-type systems Holm and Tronci [2008] in a single dual pair diagram. 
One leg of this dual pair characterizes the singular solution dynamics of EP Aut, whereas 
the other leg naturally yields Noether's conserved quantities. In addition, the bundle 
setting simplifies the group actions which are involved in the reduction process, so that 
these actions are now simply the cotangent lifts of the left- and right- composition by the 
automorphism group. 

In a more physical context, the present work is also motivated by the introduc- 
tion of a vector potential A (associated to the principal connection, denoted by A) in 
MCH2-type dynamics, which arises naturally from our principal bundle approach. This 
quantity is intrinsic to any principal bundle: for example, in the case of a non-trivial 
bundle, a connection becomes necessary in order to write the equations explicitly. A 
similar approach was used in Gay-Balmaz and Ratiu [2008] to present the reduced La- 
grangian and Hamiltonian formulations of ideal fluids interacting with Yang-Mills fields, 
Gibbons, Holm, and Kupershmidt [1983]. The introduction of non-trivial principal bun- 
dles in physics is motivated by their frequent appearance in common gauge theories 
Bleeker [1981]. 

Motivated by the dynamics of incompressible Yang-Mills fluids, we also consider 
volume-preserving fluid flows. As a result, we obtain a Yang-Mills version of Euler's 
equation on the volume-preserving automorphism group Aut vo \. In this situation, an 
incompressible fluid carries a Yang-Mills charge under the influence of an external Yang- 
Mills magnetic potential (the connection one-form). The incompressibility property sig- 
nificantly affects the properties of the system. Then, the resulting equations may involve 
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the fluid vorticity uj = curlu and the natural question arises whether the geometric 
properties of Euler's equation (cf. Marsden and Weinstein [1983]) can be extended to 
the present case. In this context, the momentum map properties deserve particular care, 
since they require the use of appropriate extensions of infinite dimensional Lie groups. 
The geometry involved is extremely rich and highly non trivial, yielding relations with the 
group of quantomorphisms, whose extension to the Yang-Mills setting (the chromomor- 
phism group) becomes necessary. In the last part of the paper we shall present explicit 
formulas for the left and right momentum maps associated to the EPAut vo i system. 

1.2 Summary of the main results 

This paper formulates the general Euler-Poincare equations on the Aut(P) group of au- 
tomorphisms on a principal O— bundle P. In physical terms this construction generalizes 
ordinary fluid flows, such as Burgers or Camassa-Holm equations, to account for the 
transport of some Yang-Mills charge under the influence of a magnetic potential, given 
by the connection one- form on P. 

Besides the explicit formulation of the equations, a first result is obtained in Section 2 
for the case of a trivial bundle P = M x O, and it regards the construction of a dual pair 
that extends the results presented in Holm and Tronci [2008]. Section 2.4 investigates 
the geometric properties of the dual pair structure in terms of Clebsch variables, singular 
solutions and their associated conservation laws. Remarkably, these properties are all 
embodied in the dual pair structure, which is the unique feature of this construction. 

In Section 3, the more general case of a non-trivial principal bundle is considered 
and the corresponding equations are presented in different fashions. The main result 
regards again the dual pair structure. In particular, the Clebsch representation of the 
fluid momentum is found to involve its own magnetic field, which in turn affects the 
singular solution dynamics; see Section 3.6. 

Motivated by the geometric dynamics of incompressible Yang-Mills fluids, Section 
4 investigates the incompressible version of EP Aut, thereby studying geodesic flows on 
the bundle automorphisms that project down to volume-preserving diffeomorphisms on 
the base. This immediately extends Euler's equation for ideal fluids to account for the 
transport of a Yang-Mills charge. 

After presenting the explicit form of the equations in different cases, Section 5 focuses 
on the geometry underlying this incompressible flow, thereby obtaining a new Cleb- 
sch representation of the fluid vorticity, that also encodes the presence of the advected 
Yang-Mills charge. Finally, Section 5.4 compares both left and right momentum maps 
with the corresponding expressions applying to the case of Euler's vorticity equation 
Marsden and Weinstein [1983]. This construction requires the use of Lie group exten- 
sions. In particular, the left leg momentum map requires (see Section 5.4.1) the definition 
of new Lie groups, the chromomorphism groups, that extend the quantomorphism group 
to comprise Yang-Mills particle systems. 
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2 EiPAut flows on a trivial principal bundle 



This section presents the EP Aut system of equations in the special case of a trivial prin- 
cipal bundle. The discussion below recalls background definitions of the automorphism 
group of principal bundles and specializes them to the case of a trivial bundle. 

2.1 Generalities on bundle automorphisms 

Before giving the EPAut equation we recall some facts concerning the Euler-Poincare and 
Lie-Poisson reductions. Consider a right principal bundle ir : P — > M, with structure 
group O. We denote by 

$:0xP^P, (g,p)^$ g (p) 

the associated right action. The structure group O is sometimes called order parameter 
group in condensed matter physics. The automorphism group Aut(P) of P consists of 
all (9-equivariant diffeomorphisms of P, that is, we have 

Aut(P) = {pE Diff(P) | up o $ g = $ 9 o tp, for all g E £>}, 

where Diff (P) denotes the group of all diffeomorphisms of P. An automorphism uo induces 
a diffeomorphism <p of the base M, by the condition nop = tpoir. The Lie algebra aut(P) 
of the automorphism group consists of O-equivariant vector fields on P. 

When the bundle P is trivial we can write P = M x O. In this case the group of all 
automorphisms of P is isomorphic to the semidirect product group 

Aut(P) ~ Diff(M) ® F{M, O), 

where T{M, O) denotes the gauge group of O- valued functions defined on M, and Diff (M) 
acts on F(M, O) by composition on the right. To a couple (77, x) i n th e semidirect product, 
is associated the automorphism 

(x,g) e M x O ^ (r)(x),x(x)g) e M x O. 

In the trivial case, the Lie algebra of the automorphism group is the semidirect product 
Lie algebra X(M)@J : (M,o), where X(M) denotes the Lie algebra of vector fields on 
M, while denotes the Lie algebra of the structure group O, so that T(M, 0) is the Lie 
algebra of o-valued functions defined on M. 

2.2 The ~EPAut system on a trivial principal bundle 

When P is a trivial principal bundle, the Euler-Poincare equations on the automorphism 
group Aut(P) are given in the following proposition. (See e.g. Gay-Balmaz and Ratiu 
[2009] and Holm [2002] for its proof in the context of complex fluid dynamics). 

Proposition 2.1 (The EP Aut equations on a trivial principal bundle) Let L be 

an invariant Lagrangian L : TAut(MxO) — >■ R , so that the isomorphism Aut(Mx O) ~ 
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Diff(M) (§) J-(M, O) yields L((p,tp) = L(rj,r],x,x)- Then, upon introducing the reduced 
variables 

(u, u) = (ri o t}-\ (xx" 1 ) o r l ) e X(M) ®JF(M, o), 

the Euler-Poincare equations on Aut(M xO)~ Diff (M) (§) J-(M, O) that arise from the 
symmetry -reduced Hamilton's principle 

-i 2 



5 / l(u, v) dt = 0, 
Ju 
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r =o U r- 
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dt 5u 


d 51 


-£ 5 ± 

°° u e 
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are written as 

51 , 
- — -di/ = 

where the operator £ u denotes the Lie derivative acting on tensor densities. 

One can similarly write the Lie-Poisson equations associated to a right-invariant Hamil- 
tonian H defined on T*Aut(P); see Holm and Tronci [2008]. 

Remark 2.2 (Duality parings) In this paper, by the dual of a function space J 7 we 
mean a space J 7 * in nondegenerate duality with J 7 with respect to an L 2 pairing (•,•). 
We do not specify the precise regularity involved, it will be clear that different situations 
require different regularity properties, in order to obtain well-defined expressions. For 
example, in the formulation of the Euler-Poincare equations (1), we have chosen the 
regular dual, that is 

£(M)* x F(M, o)* = (n\M) <g) Den(M)) x (J(M, o*) <g> Den(M)), 

whereas, the momentum maps and singular solutions will take values in the topological 
dual space. 

Remark 2.3 (Pairing notations) Several notational issues emerge from the various 
pairings appearing in this paper. However, angle brackets (e.g. (u, v)) and the dot 
pairing (e.g. a ■ v) will be used throughout the text depending only on convenience 
purposes. We hope that this will not generate confusion. 

In order to write the EP Aut equation more explicitly, it is convenient to fix a Rie- 
mannian metric g on M. Let v e X(M) and c G T(M, o*) such that 51/ 5u = v b (8) /im 
and 51/ 5u = a <g> /im, where is the Riemannian volume. Then equation (1) can be 
equivalently written as 



(2) 



d t v + V u v + Vu T • v + v div(u) + (a ■ duf = 
dtcr + da • u + er div(u) + ad^ a = 0, 



where Jj denotes the sharp operator associated to the Riemannian metric g. For 51 /5v = 0, 
this system reduces to an Euler-Poincare equation on the diffeomorphisms (EPDiff); see 
Holm and Marsden [2004]; Holm, Marsden, and Ratiu [1998]. 
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Remark 2.4 (Related physical systems) Similar structures as in the equations (1) 
also appear in the geometric characterization of the dynamics of Euler- Yang-Mills fluids 

(Gay-Balmaz and Ratiu [2008] and Vizman [2008]) and complex fluids (Holm [2002]). 
In the latter case the equations are obtained by introducing advected quantities that are 
acted on by the automorphism group through affine representations (Gay-Balmaz and Ratiu 
[2009]). 



2.3 Kaluza-Klein Lagrangians and Hamiltonians 

When I is a quadratic function of (u, u), then the EPAut equation is the Eulerian de- 
scription of geodesic motion on the automorphism group. A natural Lagrangian arising 
in this context is the Kaluza-Klein Lagrangian given by 

(3) Z(u, i/) = ^||u||; + + A-u||l, 

relative to a given one-form A e Q l (M, o) and to inner product norms || ||i and || H2 
on X(M) and J-*(M, 0), respectively. The inner products are usually given by positive 
symmetric differential operators Qi : X(M) -»■ X(M)* and Q 2 ■ T{M % 0) -> T{M, 0)*, 
that is, one defines the inner products 



(u,v)i:= / u-Qiv and (v,u) 2 := / v ■ Q 2 uj, 

JM JM 

When these differential operators are invertible, the associated Hamiltonian h on X(M)* x 
F(M, 0)* may be found by Legendre transforming 

A/ 

m = — = Q lU + Q 2 (A ■ u + v) ■ A E n l (M) ® Den(M) 
ou 

n 

cr = — = Q 2 (A ■ u + v) G JYM, 0*) ® Den(M). 
ov 



so that 
(4) 



h(m,a) = l [ (m-a-A)-Q 1 \m-a-A) + l [ a-Q^a. 



For example, if M = M n and Gi denotes the Green's function of Qi, then the EPAut 
reduced Hamiltonian h : aut(P)* ~ X(M n )* x ^(R™, 0)* — > R is written as 

h(ia, a) = \jj G ^ x - x ') ( m ( x ) _ <^{x)-A{x)) ■ (m(x') - a{x')-A{x')) d n x dV 

(5) + I I! G 2 {X - X') Cr(x) ■ Cr(x') d"x dV, 



(6) 



2 „ 

thereby producing the Lie-Poisson equations 

d t Ul + £G 1 *(m-a-A) ni + cr-d(G 2 * o - A ■ G x * (m - cr-A)) = 
d t (? + ^Gi^m-a-A) o- + ad* G2 ^ a _ A . Gi # (m _ CT . A) cr = 0. 



In Holm and Tronci [2008], these equations were derived in the special case when A = 0, 
i.e. in the absence of external magnetic Yang-Mills fields. 
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Remark 2.5 (Relevant specializations) When the manifold M is one dimensional, 
the Lie group is O = S 1 , and A = 0, we recover the two-component Camassa-Holm 
equation (CH2) Chen, Liu, and Zhang [2005]; Kuz'min [2007] by choosing the differential 
operators Qi — (1 — <y 2 d%) and Q2 = 1. The modified two-component system (MCH2) 
Holm, O Naraigh, and Tronci [2009] requires Q\ = (1 — ot\d*) and Q 2 = (1 — «|<9^). 
The higher dimensional and anisotropic versions studied in Holm and Tronci [2008] are 
obtained by choosing an arbitrary manifold M, an arbitrary group O, and A = 0. The 
corresponding choices for the differential operators are Q\ — (1 — a 2 A),<52 = 1 (for 
n-CH2) and Q x = (1 - a?A), Q 2 = (1 - a|A) (for n-MCH2). 

Remark 2.6 (The Kelvin-Noether circulation theorem) The Kelvin-Noether the- 
orem is a version of the Noether theorem that holds for solutions of the Euler-Poincare 
equations Holm, Marsden, and Ratiu [1998]. Let (u, v) be a solution of the EP Aut equa- 
tion (1), and let p be a density variable satisfying the equation dtp + £ u p = 0. Then we 
have 



where c t is a loop in M moving with the fluid velocity u. In the special case O = S , one 
has p := bljbv so that the right-hand side vanishes and Kelvin-Noether theorem yields 
circulation conservation. 

2.4 Momentum maps 

2.4.1 General setting: the Kaluza-Klein configuration space 

In order to characterize the geometry of singular solutions, we consider their dynamics 
to take place in the phase space associated to a Kaluza-Klein configuration manifold 



and we consider the left action of (r/, x) £ Aut(P) ~ Diff (M) (§) T{M, O) defined by 



Since Emb(S*, M) is an open subset of ^(S, M), its tangent space at Q consists of vector 
fields Vq : S — > TM along Q, that is, we have Vq(s) G Tq^M. In the same way, 
by fixing a volume form d k s on S, the cotangent space at the embedding Q consists of 
one-forms Pq : S — > T*M along Q. Note that when M = M n then the cotangent bundle 
is the product T* Emb(S', M. n ) = Emb(S', W 1 ) x ^(S, M. n ) and therefore, we can denote an 
element in the cotangent bundle by a pair (Q,P). However, for an arbitrary manifold 
M, T* Emb(5', M) is not necessarily a product, and one should use the notation Pq. The 
tangent space to ^(S, O) at 6 consists of functions v g : S — > TO along 9. Similarly, 
when a volume form d k s is fixed on S, the cotangent bundle T*J r (S, O) at 9 consists of 
functions Kg : S — > T*0 covering 9. 



(7) 
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Qkk = Emb(S, M) x F(S, O) 3 (Q, 9) 



(9) 



(77,x)(Q,0):=(77oQ,( X oQ)0). 
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2.4.2 Left-action momentum map and singular solutions 

We now compute the momentum map associated to the action (9) cotangent lifted to 
T*Qkk- Given (u, u) G £(M)®J 7 (M,o), the infinitesimal generator associated to the 
left action (9) reads 

(u,u) QKK (Q,e) = (uoQ,(uoQ)6). 

Given a Lie group G acting on a configuration manifold Q, the momentum map J : 
T*Q — >■ g* for the cotangent lifted action to T*Q reads 

{S(a q ),0 = (a q ,£ Q (q)), 

where a q G T*Q, ( G g and £q is the infinitesimal generator of the action of q on Q 
associated to the Lie algebra element £. By applying this formula to our case, g = out(P), 
we get the expression J L : T*Q KK -> X(M)* x J"(M, o)*, 

(10) 3 L (P Q , k 6 ) = (J P Q (s)5(x - Q(s))d k s, J Ke{s)9(s)- 1 S{x - Q{s))d k s) . 

We shall show that this momentum map recovers the singular solution of (6) in Holm and Tronci 
[2008], in the case A=0. First, one observes that Jl is invariant under the right action 
of ^(S, O) on its cotangent bundle. Thus, Jl induces a map Jl on the reduced space 

T*Q KK /F(S, O) ~ T* Emb(S, M) x F{S, o)* 

that is obtained by replacing = Kg(s)9^ 1 (s) G F^S, o)* in (10). The reduced Poisson 
structure on T* Emb(S, M) x J-(S, o)* is the sum of the canonical Poisson bracket on 
T* Emb(S', M) and the right Lie-Poisson bracket on T(S, o)*, that is, if M = R n , we have 

rr/rwnn , f (SF 5G SF 5G\ jfe f \5F 6G] jfe 

(11) {F, G }(Q,P,^) = J s i-— - W ^)^s + [ ¥ , d fc S . 

Since the right action commutes with the left action of Diff(M) (§) J-(M, O) on T*Qkk, 
the map is a momentum map relative to the Poisson structure (11) and to the induced 
left action on the reduced space T* Emb(S, M) x J-(S, o)*. This recovers the result of 
Holm and Tronci [2008], by reduction of the canonical structure. This also shows that 
considering MxOasa trivial principal bundle is very natural in this context. Indeed, the 
momentum map Jl is simply associated to a cotangent lifted action. For a certain class 
of EP Aut Hamiltonians h, such as (4), it is possible to define the collective Hamiltonian 

H := h o J L : T*Q KK -> R 

which produces collective Hamiltonian dynamics; see Holm and Marsden [2004] for the 
special case /j,(s) = 0. This is for example the case for Hamiltonians associated to H 1 
metrics. 

Because of its equivariance, the map is also a Poisson map with respect to the 
canonical Poisson structure on the canonical cotangent bundle T*Qkk and the right Lie- 
Poisson structure on %(M)* x T(M, o)*. Thus, any solution (Pq,/^) of the canonical 
Hamilton's equations on T*Qkk associated to if = h o J L projects formally, via Jl, 
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to a (measure-valued) solution of the Lie-Poisson equation associated to h. One can 
also use the momentum map J^. In this case, one has to solve Hamilton's equations on 
T* Emb(S, M) x F(S, o)*, given by 

■ OH . _ dH . _ 
^~~gp> 9Q' ^ ~ ~ aa ^/^ A 1 ' 

when M = M n . 

Remark 2.7 (Physical interpretation) This collective Hamiltonian extends the one 
in Holm and Tronci [2008] to consider an external Yang-Mills magnetic field, given by 
the potential A through the relation B = d A A. This may be of interest in the gauge 
theory of fluids with non-Abelian interactions, which plays a fundamental role in certain 
areas of condensed matter physics (cf. e.g. Holm and Kupershmidt [1988]; Holm [2002]; 
Gay-Balmaz and Ratiu [2009]). 

Remark 2.8 (Existence of singular solutions) The existence of the momentum map 
Jl does not guarantee that the latter is also a solution of the system. For example, the use 
of L 2 norms in the EP Aut Lagrangian (3) prevents singularities. As a consequence, the 
collective Hamiltonian H = hoJ L may not be defined, since it requires the Hamiltonian h 
to be well defined on the image of the momentum map. However, the use of appropriate 
norms, such as H 1 , allows for singular solutions and this is one of the reasons why we 
consider this particular case. Also, the absence of a magnetic field in the Abelian case 
returns the MCH2 equations (cf. Holm, O Naraigh, and Tronci [2009]), which are known 
to produce singularities in finite time. Whether this steepening phenomenon persists 
upon introducing a static magnetic field, this is an open question that deserves future 
investigation. 



2.4.3 Right-action momentum map and Noether's Theorem 

We now consider the right action of (7,/?) G Aut(P s ) = Diff (S) (s) ^(S 1 , O) on Q KK 
defined by 

(12) (Q,*)(7,0):=(Q° 7,0 o 7 )0). 
Given (v, Q G X{S) (§) ^(S, O), the infinitesimal generator is 

(v,CWQ,0) = (dQ-v,d0-v + 0C), 
thus, the momentum map associated to the cotangent lifted action is 

(13) 3 R : T*Q KK X(S)* x ?(S, 0)*, 3 R (P Q , k ) = (Pq-dQ + K e -d9, . 

which in turn identifies a Clebsch representation in the sense of Marsden and Weinstein 
[1983]. Since the collective Hamiltonian H on T*Qkk is invariant under the cotangent 
lift of the right action (12), Noether's Theorem asserts that 

^(P Q -dQ + K e -d#) = and ^- t (9- 1 K d ) = 0, 
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for any solutions (Pq, Kg) G T*Qkk of Hamilton's equations. To summarize the situation, 
we have found the following dual pair structure 



T*Qkk 




out(M x oy 



aut(5 x O)* 



where aut(M x O)* = X(M)* x T(M, o)* and analogously for aui(S x O)* . The geometric 
meaning of these dual pairs will be presented later in a more general setting. 

Remark 2.9 (The case S = M) When S — M, then the embeddings of S into M 
are the diffeomorphisms of M, that is, Emb(S',M) = Diff(M) and Q KK = Diff(M) x 
T{M, O). Moreover, in this case the left and right actions (9), (12) recover left and 
right translations on the automorphism group. Therefore, the Kaluza-Klein configuration 
manifold can be identified with the group Diff (M) (§) F(M, O) ~ Aut(M x O), and the 
dual pair recovers the usual body and spatial representations for mechanical systems on 
Lie groups. More precisely, J l recovers the Lagrange-to-Euler map, while Jr corresponds 
to the conserved momentum density. 

3 'EPAut flows on non-trivial principal bundles 

3.1 Basic definitions 

In this section we consider an arbitrary principal O-bundle it : P — > M. Recall that the 
Lie algebra aut(P) of the automorphism group consists of equivariant vector fields U on 
P, that is, we have 



In the case of non-trivial bundles, it is necessary to introduce a principal connection A to 
split the tangent space into its vertical and horizontal subspaces. Recall that a principal 
connection is given by an o-valued one form A G f^(P, o) such that 

§* g A = Ad g -i oA and A(£ P ) = £, 

where £p is the infinitesimal generator associated to the Lie algebra element £. Using a 
principal connection, we obtain an isomorphism 



where [U] G X(M) is defined by the condition Tn o [U] — U o n and J-'oi.P, o) is the space 
of (9-equivariant functions u : P — > o, i.e. u o $ 9 = Ad s -i ou, for all g G O. The inverse 
of the isomorphism (14) reads (u, u) i— > Hor -4 u + cr(w), where Hor A is the horizontal-lift 
associated to the principal connection A and cr(u) is the vertical vector field on P defined 
by a(oj)(p) := (oj(p)) p (p). The dual isomorphism reads 



T$ g oU = Uo$ g , for all g G O. 



(14) 



aut(P) -»■ X(M) x ^0(^,0 



), U^([U],A(U)), 



(15) 
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where out(P)* = n©(P) ® Den(M) is the space of (^-invariant one-form densities and 
analogously Pe>(P, o)* = Jb(P, o*) <g> Den(M). Here, J : T*P -> o* denotes the cotangent 
bundle momentum map, (J(a p ),£) = (« P ,£p(p))- 

3.2 General EP^litt equations on principal bundles 

Given a Lagrangian I : aut(P) — > R, the associated EP^Aut equation is 

d 81 n 81 

We now split this equation using the isomorphism (14) associated to a fixed principal 
connection .4.. Therefore, the Lagrangian I : aut(P) — >■ M induces a connection dependent 
Lagrangian l A : X(M) x Pe>(P, o) — > K defined by 

l(U) = l A (u, u), u=[U], co = A(U). 

Using the dual isomorphism (15), the left hand side of (16) reads 

d (8l A 8l A \ 
dt \ 8u ' 8oj J 



In order to split the right hand side, we will need the lemma below. 

Recall that, associated to the principal connection A, there is a covariant exterior 
derivative on o-valued differential forms on P defined by d A = hor* d, i.e. 

d A oo(X u X k+1 ) = d W (hor(X 1 ), . . . , hor(X fc+1 )), 

where hor is the horizontal part of a vector in TP. In particular, the curvature of A is 
given by 

B :=d A A = dA+[A,A}. 

Lemma 3.1 Let (3 G aut(P)* and U G aut(P), and fix a principal connection A on P. 
Then we have for u = [U] and u = A(U): 

(Roi A y£ u f3 = £ u (Hor- 4 )* f3 + (Hor- 4 )* (J o 0-dcu + £ Koi a u (S o 0-A)) 
J o £ v /3 = £ Uoi a u (J o/3) + ad* (J o (5). 

See Appendix A.l for a proof. Applying this Lemma, we obtain the following result. 

Proposition 3.2 (EP Aut equations on principal bundles) The Euler-P oincare equa- 
tions on the automorphism group of a principal bundle, relative to a Lagrangian I : 
aut(P) — > K. and a principal connection A, are given by 



;i7) 



d_8l A 
di~8 

d 8l A 8l A 8l A 

-— + £ Hor . u — + ad w — -0. 



^ + ^ + (Hor-)*g.d. + , Ho , u g.^))^0 
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3.3 Formulation in terms of the adjoint bundle 

We now rewrite the EP^Aui-equations (17) by identifying J r o(P, o) with the space r(Ad P) 
of sections of the adjoint bundle 

AdP := (P xo)/0 4 M. 

Recall that the quotient is taken relative to the diagonal action of O on P x o given by 
(P)0 ^ (®g(p)i Ad g -i £). We will denote by [p, £]o an element of the adjoint bundle. 
There is a Lie algebra isomorphism 

(18) u G Fo{P,o) u G T(AdP) 

defined by 

u(x) := \p,u(p)]o, 

where p G P is such that n{p) = x. This isomorphism extends to fc-forms as follows. Let 

Q k (P, o) := {a G Q k (P, o) | $*a = Ad s -i a and i ?p a = 0, for all g G G and (6 o} 

be the space of (9-equivariant horizontal fc-forms on P, and let Q k (M, AdP) be the space 
of Ad P- valued fc-forms on M. Then we have the isomorphism 

a G W(P,o) Q k (M,AdP), a(x)(ul,...,u k x ) := [p, a(p) (U x p , U k )] Q , 

where Up G T p P is such that T p 7r(Up) = u l x , i = l,...,k. An example of (9-equivariant 
horizontal 2-form is provided by the curvature B = dA + [A, A] to which is associated 
the reduced curvature form B G Q 2 (M, AdP). 

Given a principal connection A on P, we get a linear connection V" 4 on the adjoint 
bundle. For lo G Tq{P, o), the relation between the covariant exterior derivative d" 4 and 
the connection V" 4 is 

d*u = W a Cj. 

This formula extends the operator V A to Q k (M, AdP). We shall use the covariant Lie 
derivative defined by 

£ A = i u V A + V^i u 

on Ad(P)-valued differential forms, and related to the ordinary Lie derivative by the 
formula 

, . pjX ~ 

By combining the isomorphism (14) with (18), we identify aut(P) with X(M) x 
T(AdP). In this case, we have the following analogue of Lemma 3.1. 

Lemma 3.3 Let (3 G aut(P)* and U G aut(P) ; and fix a principal connection A on P. 
Then we have for u = [U] and Cj = A{U): 

(Hor 4 ) * £u(3 = £ u (Hor 4 ) * + f^3 ■ (v A u + i u s) 

= £ A f^p + adt J^0, 

where £ A is the covariant Lie derivative acting on Ad* P -valued densities, that is, for 
fi = a <g) a, where a is a density and a a section of Ad* P — > M, we have 

£ A H = £ A (a ® a) = V A a ® a + a div(v) <g> a. 
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This is used below to obtain the expression of the EPAut equation in terms of the variables 
u and Cj. 

Theorem 3.4 (Alternative formulation of the EP Aut equations) The Euler-Poincare 
equations (17) on the automorphism group of a principal bundle can be alternatively writ- 
ten as 

d 5l A „ 5l A 5l A 



(19) 



dt 5u 



dt5u +l "5u +ad ^ 6Q _0 " 



As in the trivial bundle case, it is convenient to fix a Riemannian metric g on M in order 
to write the equations more explicitly. Defining v and ( by the equalities 

5l A 

— =: v b <g> ii M E n\M) <g> Den(M) 
ou 

5l A 

=;£® me r(Ad* P) ® Den(M) 

ou 

and using the formula 

£ A (C ® PLm) = V^C ® + C(div u) <g> 
the EP*4wt equations (19) can be rewritten as 

9 t v + V u v + Vu T - v + vdivu+ ((■(y A oj + i u B)) =0 
ftC + V^C + Cdivu + ad^C = 0, 

which reduce to an Euler-Poincare equation on the diffeomorphism group (Holm, Marsden, and Ratiu 
[1998]) in the case when .4 = and ( = 0. 

Remark 3.5 (Trivial bundles and curvature representation) When the principal 
bundle is trivial, we recover the equation (1). Indeed, we can identify oj G ToiP-, o) with 
v + A-u G F(M, o). Here A denotes the one- form on M induced by the connection A on 
P: we have A(v x ,£ g ) = Ad g -i (A(v x ) + ^g' 1 ) and also 

l A (u, v + A-u) = l(u, v). 

Thus, 5l A /Su can be identified with 51 /5u and 5l A /5u is identified with Sl/Su — 5l/5v-A. 
Similarly, the Lie derivative £ Rot a u 51 a /5u can be identified with £ u 5l/5u — &d* Au 5lj5v. 
We shall denote by B = dA + [A, A] the two-form on M induced by the curvature B. 
Then, the EPAut equations (1) written in terms of the Lagrangian l A = I (u, u) read 



(20) 



d 5l A „ 5l A 5l A fJ .. , 

+ £ u -=- + — (dw + [A, u] + i u B) 
at ou ou bco 

d 5l A 5l A 6l A _ 



dt5u u 5co 5u 
where the curvature two form B on M satisfies the relation i u B = [A-u, A]—d(A-u) + £ u A. 
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3.4 Kaluza-Klein Lagrangians 



Let g be a Riemannian metric on M and 7 an Ad-invariant scalar product on 0. These 
data, together with the principal connection A, define a Kaluza-Klein metric on the 
principal 0-bundle 7r : P — > M: 

(21) Kp(U pt V p ) = g Ap) (T p 7r(U p ),T p 7r(V p )) + j(A p (U p ) : A p (V p )) : U p ,V p e T P P. 
The associated L 2 Kaluza-Klein Lagrangian is obtained by integration over M and reads 

l(U)= [ g([U],[U])n M + [ -y(A(U),A(U))ii M . 

JM JM 

Note that the last term is well defined, since the integrand is an (9-invariant function on 
P. More generally, we can consider Kaluza-Klein Lagrangians of the form 

(22) l{U) = \\\[U]\\\+ l -\\A{U)\\l 

relative to inner product norms || ||i and || H2 on X(M) and J-o(P, 0). As before, the norm 
|| 2 is usually given with the help of and Ad-invariant inner product 7 on 0, that makes 
possible to integrate the expression over the base manifold M. See Gay-Balmaz and Ratiu 
[2008] for an application of the L 2 Kaluza-Klein Lagrangian to Yang-Mills fluids. In the 
trivial case, (22) reduces to (3) and this emphasizes the role of the vector potential A in 
CH2 and MCH2 dynamics. 

We now compute explicitly the EP Aut equations for the Kaluza-Klein Lagrangian 
(22). We assume that the norms are associated to symmetric and positive definite differ- 
ential operators Qi and Q2 on TM and AdP, respectively. In this case, the Lagrangian 
l A : X(M) x T(AdP) -> E reads 

I a (u,£j) = / g(Qiu, u)/i M + / 7(Q 2 w,o;)/iA/, 

JM JM 

where 7 is the vector bundle metric induced on AdP by 7. We thus obtain the EP*4.wt 
equations 



(23) 
where 



ftv + V u v + Vu T • v + v div u + (■ (\7 a Cj + i u B 
^C + V^C + Cdivu + adJC = 0, 







v = Q 1 u£X(M) and C = 7(Q 2 w, •) 6 T(Ad* P), 

which evidently extend MCH2 dynamics to the case of a Yang-Mills fluid flow on a non- 
trivial principal (9-bundle with fixed connection A. 



3.5 Kelvin-Noether circulation theorem 

Let U be a solution of the EP Aut equation (16) and let p be a density variable on M 
satisfying the equation d t p + £ u p = 0, where u := [U]. Then we have 

d f 1 51 



dt J p5U 
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where 7$ is a loop in the total space P of the principal bundle which moves with the 
velocity U, see §7 in Gay-Balmaz and Ratiu [2008]. Given a connection A on P, we can 
decompose the functional derivative as 

5U 5u 5u 



and the circulation reads 



(24) 



d_ 
~d~t 



161 A 
p 5u 



A 



where Cf :— tt o j t is the closed curve in M induced by j t . Note that the second integral 
takes into account the internal structure of the bundle, since 7$ is a curve in P. 

In the trivial bundle case the time dependent curve reads 74 = (c t , gt) = (r]t cq, (xt 
co)<7o)) and a direct computation shows that formula (24) yields 



(25) 



d 

7ft 



1 61 



it 



1 51 
p bv 



■ K 



0. 



where k z (£ 9 ) = £, g 9~ l is the left Maurer-Cartan form on O. Note that ^j^-k 1 is interpreted 
as a one-form on P = M x O, integrated along the curve 74 £ M x (9. In a more explicit 
notation, the above Kelvin-Noether theorem can be written as 



(26) 



d r /■ 1 51 r i5i 

dt [Jet P^u J lt p5v 
where 74 = (q, g t ) is a loop in the trivial bundle M x O. 



3.6 Momentum maps and singular solutions 

3.6.1 Preliminaries on the Kaluza-Klein configuration space 

Recall that in order to explain the geometric properties of the singular solutions in the 
case of a trivial bundle, we introduced the Kaluza-Klein configuration manifold (8). We 
now describe the corresponding object in the case of an arbitrary principal bundle. Let 
S C M be a submanifold of M and consider two principal (9-bundles P — >■ P '/O = M 
and Ps — > Ps/O = S. We say that the map Q : P$ — > P is equivariant if Q o $ g = $ g o Q, 
for all g £ O, where $ 9 denotes the 0-action on P$ or P. Such a Q defines a unique 
map Q : S — > M verifying the condition tt o Q = Q o it. We now define the object that 
generalizes the configuration space Qkk (8). 

Definition 3.6 The Kaluza-Klein configuration space is defined as the following subset 
of equivariant maps from P$ to P: 

Qkk = {Q- Ps -> P I Q o $ g = $ 9 o Q and Q £ Emb(^, M)}. 
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Thus, Qkk consists of equivariant mappings that projects onto embeddings. Another 
characterization of the Kaluza-Klein configuration space is given in the following (see 
Appendix A. 2 for a proof of this result) 

Lemma 3.7 The Kaluza-Klein configuration space coincides with the set 

Qkk = Embo (P 5 ,P) 

of all equivariant embeddings of P$ into P. 

The tangent space TqQkk consists of equivariant vector fields Vq along Q, that is 

V 2 (ft)eT sw P, for all p s e P s , and V Q o = T$ g o Vq. 

Assume that the submanifold S is endowed with a volume form d k s. The cotangent space 
TqQkk can be identified with the space of equivariant one-forms Vq : Ps —> T*P along 
Q. Therefore, the contraction Vq-Vq defines a function on S which can be integrated 
over S. We thus obtain the paring 

(27) (Vq,Vq)= I (V Q -V Q )d k s. 

Js 

The groups Aut(P) and Aut(Ps) act naturally on Qkk by left and right composition, 
respectively. Note that when P and Ps are trivial bundles, we recover the left and right 
actions given in (9) and (12). As before, we denote by 

Jl : T*Q KK -> aut(P)* and J R : T*Q KK — >• aut(Ps)* 

the momentum maps associated to the cotangent lift of these actions. We compute below 
these momentum maps by introducing principal connections. 

Given an equivariant map / G FoiPs, o) and Q G Emb^s, P), we define the vertical 
vector field ctq(/) G TqQkk by 

*c(/)(p.) :=(/(p.))p(Q(p.)). 

Given a vector field Vq G Tq Emb(S', M), a connection ^4 on P, and Q G projecting 
to Q, we define the horizontal- lift Hor^Vq) G TqQkk of Vq along Q by 

Ro4(V Q )(p s ) :=Ro4 {ps) (V Q (s)). 

This defines a connection dependent isomorphism 

F {Ps, o) x T Q Emb(,S, M) ^ T s g^ x , (/, Vq) ^ CTe (/) + Ho^(Vq), 

with inverse given by 

TqQkk Ws, o) x T Q Emb(5, M), V s ^ (^ o V Q , [V s ]) =: (f A , Vq), 

where [Vq] G Tq Emb(S', M) is defined by the condition 

[Vq] o 7T = T7T o Vq. 
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It will be useful to identify the space J-o(Ps, °) of equivariant functions with the space 
r(AdPs) of all sections of the adjoint vector bundle. Since S is endowed with a volume 
form d k s, the cotangent bundle TqQkk can be naturally identified with the space 

Jb(P 5 ,o)* xT* Emb(S,M), 

where Foi.Ps, °)* '■= Foi.Ps, °*) an d Pq Emb(5, M) is defined as in the preceding section. 
The isomorphism is 

Fo{P s , o)* x Tq Emb(S, M) T* Q Q KK , (C, a Q ) ^ + TVaq 
with inverse 

T* Q Q KK ^MPsiO)* x Tq Emb(5, M), V Q ^ (jo? 2l (Hor^)*P s ) =: (C, P^) , 

where J : T*P — >■ o* is defined by (J(a!p),£) = (a p ,£p(p)). Note that using these isomor- 
phisms, the natural pairing (27) reads 

(28) / {(■f A + F&V Q )d k s. 

Js 

3.6.2 Left-action momentum map and singular solutions 

The momentum map associated to the cotangent lifted left action of Aut(P) on T*Qkk 
takes values in aut(P)* ~ X(M)* x F (P, o)*, where T Q {P, o)* = P a (P, o*) ® Den(M). It 
will be more convenient to identify FoiPsi o) with the space r(Ad Pg) of sections of the 
adjoint bundle AdP s — > M. In the same way, we will identify J^q^Ps, o)* = Fo{.Ps, °*) 
with the space r(AdPs)* = T(Ad* P5), and we denote by ( the section associated to 
C G -Po(Ps) " )*• An embedding Q in induces naturally a map <2 : Ad* Pg — > Ad* P 
covering Q. 

Proposition 3.8 (Left-action momentum map) With the previous notations, the mo- 
mentum map associated to the cotangent lifted left action of the automorphism group 
Aut(P) on T*Qkk reads 

Jl (Vq) = (J P%(s)5(x - Q(s))d k s, J Q(C(s))5(x - Q(s))d fe s) 
G X(M)* x T(AdP)*. 

Proof. Using the formula for the momentum map associated to a cotangent lifted action 
and formula (28), we have 

(3l(Vq) 7 U)= [v Q ( Ps )-U(Q(p s ))d k s= [ (a Ps )-A(U(Q( Ps ))) + P^s).[UoQ](s))d k s 
Js Js 

= [ (COO -2 o U o Q( S ) + P&s) •([£/] o Q(s))) d k s 
Js 

= [ (Q(m-A^U(Q(s))+P^(s)-[U](Q(s)))d k s. 

J S 
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Note that in the first line, the expression Vq(p s )-U(Q(p s )) only depends on s and not on 
p s , by equivariance. Thus it makes sense to integrate it on S. From the last equality we 
obtain the desired expression. ■ 

As in the trivial case, for a certain class of Hamiltonians h : aut(P) — > R we can define 
the collective Hamiltonian H := h o J L : T*Q KK ->■ R. Since J L : T*Q KK ->■ out(P)* 
is a Poisson map, a solution of Hamilton's equations for on T*Qkk gives a (possibly 
measure-valued) solution of the EP Aut equation associated to the Hamiltonian h. The 
trivial bundle case is treated in Appendix A. 3. 

3.6.3 Right-action momentum map and Noether's Theorem 

We now compute the momentum map Jr associated to the right action of Aut(Ps) on 
T*Qkk- The Lie algebra is denoted by aut(Ps) and consists of equivariant vector fields 
on P s . The infinitesimal generator associated to U G aut(Ps) is dQ o U . Thus, the 
momentum map is simply given by 

J R (V Q ) = V Q -dQeaui(P s y. 

In the following proposition we give a more concrete expression for Jr, by fixing principal 
connections As and A on Ps and P, respectively. 

Proposition 3.9 (Right-action momentum map) The momentum map associated 
to the cotangent lifted right action of the automorphism group of Ps on T*Qkk reads 

(29) J R (Q, C) = (P^-dQ + C ■ (Q*A - As) , C) e x F (P S , o)*, 

where P^ = (Hor^)*P s and ( := J o V Q . 

Proof. Using the connection dependent isomorphisms 

U e aut(P s ) ~ X(S) x F o (P s ,0) 3 ([U],A S (U)) 

and 

V G TqQkk ^ Ws, 0)* x Tq Emb(£, M) 3 ((, P A ), 

we find 

(J R (Q,P*,0,([U],MU))) = (J R (Q,V),U) = (P,dQoU) 
= (P$,[dQoU}) + ((,A(dQoU)) 

= (P A , dQ o [U]) + <C, A(dQ o Eov As [U] + dQ o (A s (U)) Ps )) 

= (P^dQo [U]) + (C,A(dQoRoT^[U})) + ((,ip s ({/)) p oQ)) 

(30) = (P^-dQ + (-{A o dQ o Hor^), [U]) + (C, A S (U)) , 

where ( , ) denotes the L 2 pairing. Now we observe that 

AodQo Boi As [U] = A o dQ o U - A o dQ o (A S (U)) P 

= AodQoU -Ao (A S (U) oQ) P = (Q*A - A s ) (U) 
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as required. ■ 

The left momentum map Jl is invariant under the cotangent lift of composition on the 
right by elements in Aut(Ps)- Thus, the collective Hamiltonian H := h o J L is also right 
invariant and by Noether's theorem, we have 

at 

where Vt E Tq ± Qkk is a solution of Hamilton's equations. This can be written as 

(si) |*fe,-o, 

where 0p is the canonical one-form on T*P and Vt is interpreted as a map Vt : S — >■ T*M 
covering Q t . Introducing principal connections A and As on P and Ps we have the 
conservation laws 

^(P^dQ + C-(QM-^ s ))=0 and |( = 0, 

where we recall that Pq = (Horg) Vq and ( := J o "Pg. The resulting dual pair i 
illustrated in the following diagram 

T*Emb (P s ,P) 



is 




aut(P)* aut(P s 



Note that in the particular case S = M and Ps = P, we have Embe>(P, P) = Aut(P), 
since equivariant embeddings of Ps = P into P are automorphisms. In this case, Jl is 
the usual Lagrange-to-Euler map, and Jr is the conserved momentum density. 

The trivial bundle case is treated in Appendix A. 3, where it is shown that the right 
momentum map has the expression 

J R (Q,P%,Ke) = (P Q -dQ + Ke-(d9 - 9A S ) ,9-^8) , 
which recovers (13) when As is the trivial connection. 

Remark 3.10 (Physical interpretation of the connection As) When O — S 1 , the 
quantity As may be interpreted as a magnetic potential that is localized on the subbundle 
Ps, where the whole motion takes place. For example, if we think of a trivial subbundle 
Ps = S x O where dimS* = 2, then the charged particles moving on S produce a current 
sheet carrying a magnetic field P>s = dAs normal to the sheet. This suggestive picture 
is consistent with the concept that the singular solutions possess their own dynamics, 
independently of the properties of the ambient space. Moreover, we recall that the first 
component of yields the Clebsch representation of a fluid variable in aut(Ps)*. In this 
case, the connection one-form As on S appears naturally in the Clebsch representation, 
due to the principal bundle structure of the embedded subspace Ps = S x O. 
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4 Incompressible EiPAut flows 



At this point of the paper, a natural question concerns the restriction of the above geodesic 
flows on the Aut(P) group to the volume-preserving case. This question is motivated by 
the fact that such construction yields a two-component Euler system in which an incom- 
pressible fluid flow transports a Yang-Mills charge, under the influence of an external mag- 
netic potential. This picture generalizes Arnold's well known construction of Euler's equa- 
tion as a geodesic on Diff vo i(M) to the formulation of a geodesic fluid flow on Aut vo \(P). 
In the case of a trivial bundle P = M x O, one has Aut vo i(P) ~ Diff vo i(M) (§)T(M, O) 
and the incompressible EPAut equation (EPAut vo \) is then a geodesic equation on a 
semidirect-product Lie group. In this setting, natural questions arise about how the geo- 
metric properties of ideal fluid flows transfer to this more general situation. For example, 
the system can be written in terms of the vorticity u) = curlu and one can ask how the 
dual pair construction of Marsden and Weinstein [1983] applies to this case. 

4.1 The group of volume preserving automorphisms 

Let 7r : P — > M be a right principal (9-bundle and suppose that M is orientable, endowed 
with a Riemannian metric g. Let fiM be the volume form induced by g. 

The group Aut vo \(P) consists, by definition, of the automorphisms of the principal 
bundle P which descend to volume preserving diffeomorphisms of the base manifold M 
with respect to the volume form /i M . In other words, given an automorphism ip G Aut(P), 
we have by definition 

(p G Aut vol (P) & Cp G Diff vol (M), 

where Diff vo i(M) is the group of volume preserving diffeomorphisms of M. Its Lie algebra, 
denoted by aut m \(P) consists of equivariant vector fields U such that their projection is 
divergence free, that is, for U G aut(P) we have 

U G out vo i(P) [U] G X vo i(M). 

Hence, given a principal connection A on P, the Lie algebra aut vo i(P) decomposes under 
the isomorphism (14) as 

(32) aut vol (P) X vo i(M) x F (P, o), {[U],A(U)). 

An inner product 7 on being also given, one defines the Kaluza-Klein Riemannian 
metric on P as 

k(U Pi V p ) = g(T<K(U p ),Tir(V p )) + 1 (A(U P ),A(V P )), U P ,V P G T P P 

The induced volume form /ip on P is 

fip := 7r*/i A ./ A *4*det 7 , 

where A* det 7 denotes the pullback by the connection A : TP — > of the canonical 
determinant form induced by 7 on 0, that is det 7 G A fc o*, k = dimo, defined by 

det 7 (&, .-.,&) := ^/det( 7 (&,£i)). 
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where £1, . . . , G o is a positively oriented basis. 

We now suppose that 7 is Ad- invariant. In this case the Kaluza-Klein metric k and the 
volume form \ip are (^-invariant. More general (^-invariant metrics on P are considered 
in Molitor [2009]. 

Lemma 4.1 Let <p G Aut(P) be a principal bundle automorphism. Then we have the 
equivalence 

if G Aut vo \(P) </?*yUp = /ip. 

Proof. The pull-back A<p := <p*A of a principal connection A by an automorphism tp of 
P is a principal connection. Therefore, the (^-invariant form A*, det 7 — A* det 7 G Q k (P) 
is horizontal, so it is the pull-back 71* a for some a G f2 fc (M). Denoting by (p the diffeo- 
morphism of M induced by (p, we compute 

<p*[ip = <p*(tt*[1m A *4*det 7 ) = ip*7r*{i M A *A*det 7 

= n*(p* hm A (*4*det 7 + n*a) = TZ*(p*^M A *4*det 7 . 

With this formula, it is clear that any <p G Aut YO \(P) preserves the volume form fip. 
Conversely, if <p preserves fip, then we have 

7\*(p* flu A *4*det 7 = vr*/i A / A .4*det 7 . 

Plugging in the horizontal lifts of n = dimM arbitrary vector fields u 1; . . . , u n , we obtain 

7T*((^Vm - A«m)(ui, . . . , u n ))Xdet 7 = 0, 

hence (p*fi M — Hm- ■ 

As a consequence, the Lie algebra out vo i(P) coincides with the Lie algebra of equiv- 
ariant divergence free vector fields with respect to the volume form fip induced by the 
Kaluza-Klein metric on P. 

We will also need the following result. 

Lemma 4.2 Assume that O is compact and consider an O-invariant function f on P 
with compact support. Then we have the formula 

(33) / f(p)fi P = Vol(O) / f{m)iM M , 

J p Jm 

where Vol(0) denotes the Riemannian volume of O relative to the bi-invariant metric 
induced by 7, and f is the function induced on M by the formula f o n = f . 

Proof. It is enough to check the formula for a trivial bundle P = M x O. In this case the 
connection 1-form is defined with a 1-form A G Q 1 (M, 0) by A(v x ,£ g ) = Ad g -i(A(v x ) + 
k 1 (£, 9 )), where = igQ" 1 G 0) denotes the left Maurer-Cartan form on the 

Lie group O. Note that fio '■= (V)*det 7 G VL k {0) is the volume form induced by the 
bi-invariant Riemannian metric on O associated to 7. Let 712 : M x O O denote 
the projection on the second factor. Taking into account the (9-invariance of the inner 
product 7 we obtain 

fip = 7i* Hm A *4*det 7 = 7i* hm A 7^2 ((V)*det 7 ) = tt* fi M A tt^o- 

Now, formula (33) follows for every compactly supported smooth function / on M. ■ 
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4.2 Dynamics on a trivial principal bundle 

If the principal bundle is trivial, then we have the group isomorphism Aut vo \(P) ~ 
Diff vo i(M) (§) T{M, O). We now give the expression of the Euler-Poincare equations 
on Aut vo \(P) in the case of a trivial bundle. Since a volume form /i^ has been fixed, 
it is not necessary to include densities in the dual Lie algebras. The regular dual to 
3£ vo i(M)(S)J : *(M,o) is identified with (fi 1 (M)/dJ r (M)) x F(M,o*) via the L 2 -pairing 
given by the volume form hm- Here Q 1 (M)/dJ r (M) denotes the space of one-forms mod- 
ulo exact one-forms. As in Proposition 2.1, but this time considering a Lagrangian I on 
the semidirect product X vo i(M) (s) J-"(M, o), we get the following 

Proposition 4.3 (The EP*4.wt vo i equations on a trivial principal bundle) The Eu- 
ler-Poincare equations on the group of volume preserving automorphisms of a trivial prin- 
cipal bundle are written as 



(34) 




61 

— dv = —dp, div(u) = 

5v 



j 51 ,„ SI n 

d— u + ad,, — = 0, 
dv ov 



where £ u denotes the Lie-derivative of a one-form (and not a one-form density), and the 
pressure function p is determined by the incompressibility condition. 

Here, the first equation is written on Q 1 (M) and not on the quotient space Q 1 (M) / dJ r {M) . 
As in the compressible case, one can use Kaluza-Klein Lagrangians of the form (3), rel- 
ative to differential operators Q x : X(M) -»■ X(M) and Q 2 : T(M, o) -> T(M, o*), that 
is, 

(35) l(u,v) = l-[ g(u, Q x u)jJL M + r / (A ■ u + v, Q 2 (A ■ u + u)) /i M , 

where g is the given Riemannian metric on M and fiM is the Riemannian volume. 

Other duality pairings. Since a Riemannian metric g is given, we can alternatively use 
the L 2 -paring induced by g. In this case, we can choose the dual space X yo \{M) x T(M, o*) 
and the EPAut equations read 



(36) 



d 51 „ 61 -r 51 (51 , \" , . , 

-T^ir + V u - + Vu T • — + — ■ dz/ = - gradp, div u = 
ot 5u 5u 5u \5v J 



d 51 61 „ 51 n 

at 6v dv ov 



where V denotes the Levi-Civita connection, jj is the sharp-operator associated to the 
Riemannian metric and gradp := (dp)". 

Alternatively, if H 1 (M) = {0}, one can also identify the dual space to X vo i(M) with 
exact two-forms dQ 1 (M), through the duality pairing 



(37) (u, u) = / (a- u)fi M 

J M 



where da = oj. 



21 



In this case, we get the first equation in vorticity representation as 



(38) 



d 61 n 51 51 , 

— — + £ u — + d— A du = 
at du du 5v 

d 51 ,81 51 n 

— — + d— -u + ad,,-- = 0, 
ot ou 5v 5v 



where the wedge product involves a contraction between o and o*-valued forms. It is 
important to recall that the functional derivatives appearing above depend on the chosen 
pairing. For example, in (38) and with the Lagrangian (35) we have 

to := f- = d ((Q lU ) b + a ■ A) e dQ l (M), a := — = Q 2 (A -u + u)e T{M, o*). 
ou 5v 

An interesting special case of the above equations comes out when M is the Euclidean 
space M 3 . In this case, the exact two-form to = da can be identified with the divergence 
free vector field ui = curie*, via the relations uj = (*w)^ and a = a", where * denotes 
the Hodge star operator associated to the Euclidean metric. Using this identification, the 
EP Aut equations (38) can be written as 



(39) 



— + (u • V) u - (u ■ V) u + curl (fj, , Vz/} = 

f r— \ n * 

— + (u- V)a + ad*CT = 0. 



The first equation can be obtained from (38) by using the equalities 

(*(£ u u>)) fl = (*d(i u u;)) t) = (*d(w x u) b ) fl = curl(w x u) = (u • V) u - (w • V) u. 
In this case, the duality pairing is given by 

(oj,u)= / (v • u)dx, where curlv = a;. 



For example, taking the Kaluza-Klein Lagrangian (35), the corresponding EP Aut equa- 
tions are obtained by inserting the functional derivatives 

51 51 
u) = — = curl(Qiu) + curl (ji ■ A) and cr = — = Q 2 (A ■ u + v) 
5u 5v 

into (39). The two dimensional case is presented in Appendix B.l. 

Remark 4.4 The above equations generalize an important regularization model in fluid 
dynamics, which is known under the name of Euler-a (Holm, Marsden, and Ratiu [1998]). 
This model is derived by specializing the above equations to the particular case when 
Qi — 1 — a 2 A and v = 0, the latter condition being preserved by the flow. Thus, the 
complete system of the EP^4nt vo i equations generalizes the Euler-a equation to the case 
of a Yang-Mills charged fluid moving under the influence of an external magnetic field. 
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4.3 Dynamics on a non trivial principal bundle 

By (32) the regular dual of outv i(P) can be identified with the cartesian product (fl 1 (M) / cLF(M)) x 
T(Ad* P), via the L 2 pairing 

(([/3],C),(u,a))>= / (/3(u) + C-^W 

J M 

Given a Lagrangian I : autv i(P) — > M. and a principal connection A, the associated 
EP Aut m \ equations are given in the following 

Proposition 4.5 (The general EP.4.wt vo i equations on principal bundles) The Eu- 

ler-Poincare equations on the group of volume preserving automorphisms of a principal 
bundle are written as 



d Sl A „ 5l A 5l A 



(40) 



£u^ + t^- [V A u + i u B )= -dp, divu = 
ou duo V / 



dt Su 5u 5oj 
d 5l A ^ A Sl A ^Sl A n 



where £ u denotes the Lie derivative acting one one-forms and the pressure p is determined 
by the incompressibility condition. 

Proof. The equations can be obtained as in §3.2 by splitting the general formulation 

9 61 +£ 61 -0 

and using the connection dependent isomorphism. Then we deduce (40) from (19) by 
simply adding the incompressibility condition and using the fixed Riemannian volume hm 
to identify one- form densities with one-forms, and sections in T(Ad* P) ® Den(M) with 
sections in T(Ad*P). Then one obtains the second equation since £ A and V A coincide 
when applied to functions. 

Alternatively, it is instructive to derive the equations directly by using the expression 
of the infinitesimal coadjoint action ad* on (Q 1 (M)/dJ r (M)) x T(Ad*P). In order to do 
this, we first need the expression of the Lie bracket on X vo i(M) x T(AdP). Under the 
isomorphism (14), the Lie bracket is 

(41) [(u, Q), (v, 0)1 = ([u, v] L , [Q, 9} + V A u - V A 9 + B(u, v] 

where B G fl 2 (M, AdP) is the reduced curvature. Then it suffices to compute the asso- 
ciated infinitesimal coadjoint action. This is done in the following lemma. ■ 

Lemma 4.6 The infinitesimal coadjoint action o/oulv i(P) on its regular dual, using the 
decomposition provided by a principal connection A, can be written as 

(42) ad^Q/3], a) = {[£ u f3 + a ■ (V A u + i u B)}, ad*, a + V A a) , 
for (u,w) G X m i(M) x T(AdP) and ([/?],«) G {Q}{M)/&F{M)) x T(Ad*P). 
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Proof. Using the expression (41) of the bracket on autvoi(-P) under the decomposition 
(32), we compute 



(ad^a/3], a), (v, 6)) =([/?], [u, v] L ) + (a, [u>, 9) + V A u - V A 9 + B(u, v) 

= - / /3([u, v])/i M + / a • (ado 0)fj, M + / (a- V A u) // M 

J M JM JM 

- I a - ( V„(9) yU A/ + / (a ■ i u B) (v)/i M 

J M V 7 JM V 7 



^ £ u /3(v)fi M + (a ■ (v A Co + i u £) , 
+ / (ad- a + V„ a) • d\i M 

JM 

{[£ u f3 + a ■ (V A u + i u % adt a + V^a) , (v, 



where we use that divu = 0. ■ 

Remark 4.7 (Kaluza-Klein Lagrangians) As in the compressible case, an important 
class of Lagrangians is provided by the Kaluza-Klein expression (22), thus obtaining 
the incompressible version of (23). In the case of the L 2 Kaluza-Klein Lagrangian, the 
EPAut vo \ equation takes the simple form 

d t u + V u u + 7 ^a), i u Bj = — gradp, div u = 
d t u + V a Cj = 0. 

These equations describe the motion of an ideal fluid moving in an external Yang-Mills 
field £>, where u denotes the magnetic charge (Vizman [2008]). For the more general 
case with generic metrics Q\ and Q2, the EP Aut vo \ equation generalizes the Euler-a 
model (Holm, Marsden, and Ratiu [1998]) to the case of a Yang-Mills charged fluid, whose 
configuration manifold is a non-trivial principal bundle. Again, the fluid moves under the 
influence of an external Yang-Mills magnetic field, which is given by the curvature B as 
usual. 

5 Clebsch variables and momentum maps 

This section presents the dual pair of momentum maps underlying EP^4nt vo i flows. This 
extends the dual pair structure underlying ideal incompressible fluid flows, as it was 
shown by Marsden and Weinstein [1983]. The next section reviews briefly the Marsden- 
Weinstein dual pair, whose details are given in Appendix B.2. 

5.1 The Marsden- Weinstein dual pair 

In the paper Marsden and Weinstein [1983], the authors present a pair of momentum 
maps that apply to Euler's equation d t u: + curl(oj» x u) = for the fluid vorticity u> = 
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curlu. In particular, these momentum maps provide the Clebsch representation of the 
fluid vorticity curl u on the configuration manifold S in terms of canonical variables taking 
values in a symplectic manifold M. Again, one constructs the dual pair of momentum 
maps 

Emb(£, M) 




whose right leg provides the Clebsch representation of the vorticity on S. A rigorous 
construction of these momentum maps and the proof of the dual pair property were 
given in Gay-Balmaz and Vizman [2011]. 

In particular, S is a compact manifold with volume form fi$ while (M,u) is an 
exact (and hence noncompact) symplectic manifold, with u = —d6. The Marsden- 
Weinstein dual pair (Marsden and Weinstein [1983]) is associated to the action of the 
groups Diffvo^^) and Diff ham (M) on Emb(S, M) by composition on the right and on 
the left, respectively. Here Diffh am (^0 is the group of Hamiltonian diffeomorphisms of 
(M,u). The momentum map associated to the right action reads 

(43) j R (f) = \f*e]en 1 (S)/&F(S), 

or 

3 R (Q,P) = [(Q,P)*e R3 ] = [P ■ dQ] = curl(VQ T - P) . 

when M = M? k and 5* = M 3 . (Here we have used the duality pairing arguments in §4.2 
to identify an exact two form oj with a divergence- free vector field). Notice that the 
corresponding variables also appear in the left leg 

(44) J L (f) = [ 5(n- f(x))v s E F{M)\ 

Js 

or, in local coordinates, 

3l(Q,P)= [ 5(q-Q(s))5( P -P(s))fi S eT(R 2k y. 

This is due to the fact that Clebsch variables are conjugate variables taking values in 
M. However, in their work Gay-Balmaz and Vizman [2011] proved that the dual pair 
structure requires replacing the group Diffham(^) by a central extension of the type 
Diffham(^) XfiR, where B is a group two cocycle. This central extension of Diffham(^f) 
first appeared in Ismagilov, Losik, and Michor [2006], who showed how this is isomorphic 
to the quantomorphism group Quant(T* M x S 1 ), well known in quantization problems. 

Also, if the symplectic form on S is not exact, then one needs in addition the Ismagilov 
extension of the group of volume preserving diffeomorphisms of S. In what follows we 
consider only exact symplectic manifolds, so there will be no central extension needed for 
the right leg of the dual pair. 
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The purpose of this section is to present the 0-equivariant variant of the Marsden- 
Weinstein dual pair, which is the dual pair of momentum maps that apply to the EP Aut m \ 
equation. 

5.2 Clebsch variables for incompressible JZPAut flows 

After the preceding review of the momentum maps underlying the Clebsch representation 
of Euler's fluid vorticity, we are now ready to generalize that construction to our principal 
bundle setting. In particular, we shall characterize the momentum maps underlying the 
Clebsch representation of the EP^4wt vo i system. 

We recall from the Clebsch representation of Euler's vorticity that Clebsch variables 
belong to a space of embeddings S M, where S is the fluid particle configuration 
manifold and M is a symplectic manifold. For simplicity, this section will introduce the 
fundamental concepts in the simple case when S = M 3 , so that the fluid moves in the 
ordinary physical space. In the case of EP.4it£ vo i, the equations describe the evolution of 
a Yang-Mills charged fluid under the influence of an external magnetic field. Thus, it is 
natural to identify M with the usual Yang- Mills phase space T*P, where P is a principal 
C-bundle. 

As a further simplification, this section will describe the case of a trivial bundle 
P = M fc x O with O C GL(n,M.) being a matrix Lie group. Thus, we are led to the 
following definition on Clebsch variables: 

(Q,P,a,6) G Emb(M 3 ,M 2fc x o*) x ^(M 3 , O), 

where Emb(lR 3 , M? k x o*) x J-"(1R 3 , O) is naturally endowed with the Poisson structure: 

+/i(H£a> + (££>-(££>) A - 

where w(x) d 3 x is a fixed volume form on M 3 , and the angle bracket (•, •) denotes the 
trace pairing (A, B) = Tr {A T B) . At this point, one observes that 

Theorem 5.1 The infinitesimal action of volume-preserving automorphisms (u, £) G 
auU^M 3 x O) ~ X vol (M 3 ) (D ^(M 3 , o) 

(46) (u, C)E m b(R3,R 2fc xo*)x^(R3,o) (Q, p i °, °) = ((u-V)Q, (u-V)P, (u-V)a, (u- V)^+^C) 

yields the right-action momentum map 

3r(Q,P,<t,9) = (curl(VQ T -P+<a,V^r 1 )), Ad^a) G l vol (R 3 ) x J(l 3 , o)* . 

See Appendix B.3 for the proof. Notice that the above result will follow very easily in 
the more abstract setting of the next sections. 
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Besides the above right-action momentum map J#, one also has the momentum map 
Jl arising from the left infinitesimal action of the Hamiltonian functions h G J r (M 2k x 
T*0), similarly to the left leg of the Marsden Weinstein dual pair for ideal fluid. However, 
there is an important special situation that arises in the physics of Yang- Mills charged 
particles. Indeed, the celebrated Wong's equations for the motion of a single Yang- 
Mills charge are produced by Hamiltonians in the space J-"(IR 2fc x T*0)° of (^-invariant 
functions on M? k x T*0. In this context, the trivialization map T*0 ~ 0xo* induces (by 
Lie-Poisson reduction) the Poisson structure on the space M 2fc x T*0/0 ~ M 2fc x o* (cf. 
e.g. Montgomery, Marsden and Ratiu [1984]). Therefore, it is reasonable to consider a 
left-action momentum map arising from the infinitesimal action of the Poisson subalgebra 

F(M. 2k x T*Of = J r (M 2k x o*) C J r (M 2k x T*0) . 

Indeed, one verifies that the infinitesimal action of h(q,p,Q £ ^(M 2 *" x o*) 



< h \ inn q\ — ( ®h a* t ®^ a 



(q,p,0 = (Q,P,<T) 



produces the left-action momentum map 

J L (Q, P, a,9)= J w(x) 5(q - Q(x)) 6{p - P{x)) 5{a- - a{x)) d 3 a; e x o*)* 

In this case, the proof is straightforward and will be omitted. 

Remark 5.2 (Relations to kinetic theory and ideal fluids) In analogy with the struc- 
tures arising from Euler's equation in two dimensions, the above expression is well known 
in kinetic theory, particularly the kinetic theory of Yang-Mills plasmas of interest in 
stellar astrophysics. Indeed, the above expression coincides with the well known Klimon- 
tovich particle solution of the Yang-Mills Vlasov equation for distributions on the reduced 
Yang-Mills phase space R 2fc x o* (Gibbons, Holm, and Kupershmidt [1983]). However, 
the fortunate coincidence holding for ordinary Euler's equation in two dimensions does 
not hold for EP Aut vo \, that is the left momentum map does not provide point vortex 
solutions of the 2D EP Aut vo \ system. Indeed, the latter does not have the form of a 
single Vlasov kinetic equation as it happens for 2D Euler. 

The next section characterizes the group actions underlying the above momentum 
maps in the more general setting when the physical space M 3 is replaced by a volume 
manifold S and the trivial Yang-Mills phase space T*R k x T*0 is replaced by a generic 
(non trivial) (9-bundle carrying an exact invariant symplectic form. 



5.3 Group actions and dual pair 

We now present a dual pair of momentum maps in the context of the EP^4ut vo i equation, 
that consistently generalizes the Marsden- Weinstein dual pair. As we shall see, in the 
principal bundle context the groups Diffvoi^) and Diffh am (^0 x B M are naturally re- 
placed by the automorphism groups Aut vo \(Ps) and Aut hSLm (P) x B M of two O-principal 
bundles P$ and P, respectively. For the left momentum map, we will exhibit a subgroup 
Aut\ iaiUi {P) x B E c Aut-h aYIl (P) Xg R that is more appropriate and whose Lie algebra 
identifies with the space T{PjO) endowed with the reduced Poisson bracket. 
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5.3.1 Geometric setting 

Let 7r : Ps — > S be the principal (9-bundle of our EYAut vo \ equation, and consider another 
principal O-bundle P — > M such that P carries an exact symplectic form u = —d9. 
Moreover, we assume that 9 is (^-invariant. As above, we endow Ps with the (^-invariant 
volume form fip s = 7r*fJ>s A A* det 7 , where 7 is an Ad-invariant inner product on and 
A a principal connection on Pg. 
Consider the manifold 

Emb (P 5 ,P) 

of C-equivariant embeddings, see Appendix A. 2. The tangent space T/ Emboss, P) can 
be identified with the space of equivariant maps Uf : Ps — > TP such that 7r o Uf = f. We 
endow the manifold Embo (Ps, P) with the symplectic form lj as above, that is 

u(f)(uf,v f ) := / u(f(p))(u f (p),Vf(p))np s . 
Jp s 

The function under the integral is (^-invariant, so the right hand side is an integral over 
S. Now the local triviality of the bundle Ps — » S ensures the non-degeneracy of u. 

Thanks to Lemma 4.1, the group Aut vo \(Ps) acts symplectically on Embo(Ps, P) by 
composition on the right. Similarly, the group of Hamiltonian automorphisms, defined 
by 

Aut ham {P) := Aut(P) H Diff ham (P) 

acts symplectically on the left by composition. If the structure group O of the principal 
bundles is the trivial group with one element, we recover the actions associated to the 
Marsden-Weinstein dual pair. 



5.3.2 The right momentum map 

The momentum map associated to the right action is 

(47) J R (f) = {r9] e ^(P 5 )/dJo(P 5 ) = aut ml (PsT 

The dual to aut vo i(Ps) is identified here with O- invariant 1-forms quotiented by exact 
(^-invariant 1-forms which are differentials of (^-invariant functions. 

One can write this identification in detail, using a principal connection A. Since a 
volume form is fixed, aut(Ps)* can be identified with Q} (P S ). As in (15), the dual to the 
isomorphism aut(Ps) — > X(S) x ^(P^, 0) reads 

(48) ^o(Ps) ^n\S) x F o {Ps,0*), a (a = (Hor 4 )*^, A = J o a) , 

where Hor" 4 denotes the horizontal- lift associated to the principal connection A and 
J : T*Ps —> 0* is the cotangent bundle momentum map. The inverse to the isomorphism 
(48) is 

(a, A) h>> n*a + A*X. 
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Now the isomorphism aut vo i(Ps) —> X vo \(S) x J-o(Ps,o), see (32), ensures the desired 
identification 

out vol (P s )* = X vol (S)* x F (P S , o*) = (Q\S)/dT(S)) x F (P S , o*) 

= (n\S) x F o (P s ,0*))/(dLF(S) x {0}) = n 1 {P s )/dTo{Ps). 

As we shall see later, for trivial bundles one recovers the conclusions in theorem 5.1. 
5.3.3 The left momentum map 

In order to properly define the momentum map associated to the action by composition 
on the left, there are two difficulties to overcome. First, as above, we need to pass to the 
central extension of *4w£ham(P) by the cocycle defined in Ismagilov, Losik, and Michor 
[2006]. This is possible since Aut^^P) is a subgroup of Diffh am (P) on which the cocycle 
B can be defined as in (65). Second, we note that the Lie algebra of the Hamiltonian 
automorphisms is given by 

aut ham (P) = aut(P) n £ ham (P), 

that is, it consists of Hamiltonian vector fields that are 0-equivariant. Such vector fields 
are not necessarily associated to (^-invariant Hamiltonian functions on P. The latter 
form the Lie subalgebra 

^tham(P) := {X h | h E F{P)°) C aut ham (P) , 

since the Lie algebra bracket is [Xh,Xk]L = X{h,k} and the Poisson bracket of two O- 
invariant functions is O- invariant, the symplectic form being O- invariant. 

The subgroup associated to this Lie subalgebra is determined in the following theorem 
(see Appendix B.4 for the proof). 

Theorem 5.3 Let (P,—d9) be a connected exact symplectic manifold with 9 e Qq(P). 
Let Hom(0, R) be the vector space of group homomorphisms from O to R and consider 
the map 

* : Aut ham (P) -> Hom(0,M), 

defined by 

*{cp){g) :=P^-P^o$ g , VgeG, 

where F v e F(P) is such that dP^ = ip*6 — 9. Then ^ is well-defined and is a group 
homomorphism. 

Consider the normal subgroup Auth am (P) C Auths, m (P) defined by 

Au~i ham (P) :=ker^. 

Then the formal Lie algebra of Auth am (P) is the space auth am (P) of Hamiltonian vector 
fields on P associated to O-invariant Hamiltonians. 
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Remark 5.4 (Special Hamiltonian automorphisms) The elements of the Lie group 
-AuthamiP) w iH be called special Hamiltonian automorphisms of the principal bundle P. 
This group is of central importance in common gauge theories: for example, they govern 
Wong's equations for the dynamics of a Yang-Mills charge moving in the physical space. 
(Just like Hamiltonian diffeomorphisms govern canonical Hamilton's equations). 

Consider now the central extension Auth am (P) x^l. The Lie algebra isomorphism 
(66) shows that the associated central extended Lie algebra can be identified with the 
Lie algebra ^(P) of (^-invariant functions on P, endowed with the symplectic Poisson 
bracket {f,g}p = u)(Xf,X g ) on P. Equivalently, it is also identified with the Lie algebra 
jF{M) of functions on M with the reduced Poisson bracket { , }m on M. Equivariant 
functions on P are constant on the fibers, so there is an isomorphism 

(49) h G ^(Pf ^he JF(M) 

with inverse h i— > h = h o 7r. We recall here that the reduced Poisson bracket { , }m on 
the quotient M = Pj O is uniquely determined by the formula 

{f,g}M ° 7T = {/ O 7T,g O 7r}p, 

for all f,ge F(M), see §10.5 in Marsden and Ratiu [1999]. 

Remark 5.5 (The Vlasov chromomorphism group) The elements of the central ex- 
tension Auti iam (P) XbR will be called Vlasov chromomorphisms and this group will be 
denoted by VChrom(P). The name is clearly inspired by the fact that this Lie group is the 
configuration space underling the collisionless Vlasov kinetic theory of interacting Yang- 
Mills charges moving in the physical space. As explained in Gibbons, Holm, and Kupershmidt 
[1983], the fluid closure of the Yang- Mills- Vlasov equation yields the equations of chromo- 
hydrodynamics for Yang-Mills plasmas, thereby providing one more reason for the name 
'chromomorphisms'. 

We now consider the action of the group VChrom(P) on Embe>(Ps, P) by composition 
on the left. One easily checks that the associated momentum map is 
(50) 

3 L : Emb (P 5 , P) F{M)* = (J L (f), h) = (J L (f), h) = [ h{f{p))n Pg . 

Jp s 

Since the function p H- h(f(p)) on P$ is (^-invariant, it defines a function on S, and we 
have in fact an integral over S. By abuse of notation, we can write 

3 L (f)= [ 5{n-f(p))ti S eT(M)\ 

We thus obtain the dual pair 
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Emb (P 5 ,P) 



jF{p/oy 



aut vo i(P 5 ) 



Despite the fact that the left leg seems to be the same as the left leg of the Marsden- 
Weinstein dual pair, there is a key difference here, since here M = P/O is not symplectic 
but Poisson, and the Lie bracket on J-'(M) is given by the reduced Poisson bracket { , }m- 
The results obtained so far are summarized in the following 

Theorem 5.6 (Dual pair for EPAut vo \ flows) Let ir : Pg — >■ S be a principal O- 
bundle and consider another principal O -bundle P — > M such that P carries an exact 
symplectic form u = —d8, where 9 is O-invariant. 

Then the group Aut vo \(Ps) acts symplectically on the right on the symplectic manifold 
(Embo (P,s, P), and admits the momentum map 



There is a subgroup Aut^^P) C *4.ui ham (P) of special Hamiltonian automorphisms, 
whose Lie algebra consists of Hamiltonian vector fields associated to O-invariant Hamil- 
tonian functions on (P,u). The Lie algebra of VChrom(P) is isomorphic to the space of 
functions on M endowed with the reduced Poisson bracket on M = P/O. 

The Vlasov chromomorphism group VChrom(P) acts symplectically on the left on the 
symplectic manifold (Embo (Ps, P), an d admits the momentum map 



Remark 5.7 (Equivariance, Clebsch variable, and Noether theorem) Theequiv- 
ariance and invariance properties of the momentum maps still hold as in the Marsden- 
Weinstein dual pair, see Remark B.l. Therefore, we have the same Clebsch variables and 
Noether theorem interpretations. The Lie-Poisson system on JF(M)* is a Vlasov system 
whose Poisson bracket is not symplectic but is the reduced Poisson bracket on M = P/O. 
When P = T*P and the principal bundle P is trivial, this system is related to Yang-Mills 
Vlasov equation. This particular case will be considered in the following section. 

5.4 The Yang-Mills phase space 

We now consider the special case when the total space P of the principal bundle P — > M 
is the cotangent bundle of another principal bundle P — > M. We endow P = T*P 
with the canonical symplectic form Qp = — d@p and we let O act on P by cotangent 
lift. Thus we have P = T*P and M = T*P/0. This particular choice is motivated by 
§5.2, particularly by the dynamics of Yang-Mills- Vlasov kinetic theories, as mentioned 
in remark 5.2. If moreover P is trivial, that is P = M x O, then P = T*P is also a 



J R : Embo(Ps, P) aut vol (P s )* , J R (f) = [f*9]. 
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trivial principal (9-bundle over M = T*PfO = T*M x o*, since we have the equivariant 
diffeomorphism 

(51) p : T*M x T*0 ->■ (T*M x o*) x O, p(a q , a g ) = ((a„ a^" 1 ), g) . 
In this case, the dual pair diagram reads 



Emb (Ps,T*M x T*0) 




F(T*M x o*)* aut vo i(P 5 )*- 

The Lie bracket on F(T*M x o*) is the reduced Poisson bracket given here by 

{/, 9}m = {/» 9}t*m + {f, 9}+, 

where the first term denotes the canonical Poisson bracket on T*M and the second term 
is the Lie- Poisson bracket on 0*. In what follows, it will be easy (although not necessary) 
to assume that P s is trivial, i.e. Ps = S x O and aut vo \(Ps)* ^ X vo i(S)* x ^(S, O). 

5.4.1 The group of special Hamiltonian automorphisms 

Note that, since the principal bundle is trivial, we can write the automorphism group of 
T*M x T*0 -> T*M x 0* as a semidirect product 

(52) Aut(T*M x T*0) = Diff(T*M x 0*) ®F{T*M x 0*, O). 

From the general theory above, the group we need is the central extension 



VChrom(T*M x T*0) = Aut hSkm (T*M x T*0) x B 



In order to describe more concretely this group, we start with the special case Auth am (T* 
We will use the following expressions for the canonical one-form Qq and the Hamiltonian 
vector field X^, in the right trivialization T*0 — > O x 0*, f3 g 1— > (g,oc), a = fi g g~ 1 '- 

( Sh 

(53) {®o)( g ,a)(€g,v) = (a,^ -1 ) , X h (g, a) = ( — g, - ad|^ a 



S a 



see Abraham and Marsden [1978]. Note also that a (9-equivariant diffeomorphism if of 
T*0, expressed in the right trivialization O x 0*, is of the form 

(54) <p(g,oi) = (<p(a)g,<p(a)), 

where (p is a diffeomorphism of 0* and (p : 0* — > O a smooth map. 



Proposition 5.8 In the right trivialization, the group Autham(T*0) of equivariant Hamil- 
tonian automorphisms ip with the property that the O-invariant 1-form ip*Oo ~ ©o on 
O x 0* is the differential of an O-invariant function can be expressed as 

Au~t ham (T*0) = {ipe Aut{T*0) I <p(a) = Ad; (a) _i a and (id D ., yTMy?) G d^(o*)} , 

where (id *, (p^dip) denotes the 1-form (a, y3(aO _1 d Q y2(_)). 
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Proof. We know that the Hamiltonian diffeomorphisms if of an exact symplectic mani- 
fold with symplectic form —dOo are characterized by the condition that tp*<do ~ @o is 
an exact 1-form. Using the first equality in (53) and (54), we compute 

(<P*9o)(g,a)(£g,v) = (©o) V (s,a) {T(g,a)<p(Zg, ^)) 

= (6o)(0(a)0,V5(a)) (^(")^ + ( T «^ ' U )9, T aV " ") 

= <Ad; (a) <p(a), t g g~ l ) + (p(a), ((d^" 1 ),, ■ v) 

so that 

(55) (v?*6o - 9o)(j i0 )(^, i/) = (Ad£ (a) (p(a) - a, + (<fi(a), ((d^)^" 1 ),, ■ v) . 

Note also that an exact 1-form on O x o* reads 



dh , A / 5h 



' _i t _i 
c>g / \oa 



v 



where /i is a function on x o*. So, the automorphism <^ is Hamiltonian if and only if 
there exists a function h(g,a) such that 

(56) Ad* 0(a) <p(a) -a = — (g,a) and (<p(a), d a ^(_)^(a)~ 1 ) = — (g, a). 

In the right trivialization, an invariant function on T*0 is of the form h(g, a) = h(a) 
with h G jF{o*). So, from the first equality in (56), we get the conditions Ad*j( a ) <f(a) = a 

and the second equality in (56) thus reads (a, (p{a)~ l d a Lp{_)) — j k . ■ 

Remark 5.9 (The Lie algebra of the special Hamiltonian automorphism group) 

Similarly with (54), an equivariant vector field U G aut(T*C) reads U (g, a) = (U (a)g, U (a)), 
where U : o* — > o and £7 : o* — ?■ o*. Using Proposition 5.8, we obtain that the formal Lie 
algebra of Aut ham (T*(D) is 

aui ham (T*0) = {[/ G aut(T*C) | U(a) = -ad^a and (id *,d?7} G dJ^(o*)} 

(U,U) = f-adrt,^ 
V sa da 



h G J-(o*) 

{X, G aut w (T*0) | ft G F(T*0),h(g,a) = h(a)} 



where at the second equality, we used that fact that the 1-form (id„* , dU) is exact if 
and only if there exists h G .F(o*) such that U = J^; in the last equality we used the 
second expression in (53). So, consistently with Theorem 5.3, the Lie algebra autham(T*0) 
consists of Hamiltonian vector fields associated to (^-invariant Hamiltonians on T*0 (i.e. 



functions on o*), hence the Lie algebra of Autham(T*0) x^R can be identified with the 
Poisson algebra of smooth functions on o*. 
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Remark 5.10 (Generating functions of special Hamiltonian automorphisms) Notice 
that the function S G J-*(o*) such that 



dS(a) = (id o *,0 1 dip) (a) = (a,ip 1 (a)d0(a)) 

is a generating function for special Hamiltonian automorphisms Autha,m(T*0), analo- 
gously to what happens for canonical transformations Diffham(T*M). 

Remark 5.11 (The chromomorphism group) In the special case considered above, 
i.e. when P = T*0, the central extension Aut ham {T*0) x B M. will be called chromomor- 
phism group and will be denoted by Chrom(T*0). 

In the case of a non-trivial manifold M , there is an expression similar to that of Proposi- 
tion 5.8 for the subgroup Aut^^T* M x T*0) of the automorphism group (52), namely 

Md hSLm (T*M x T*0) ={y= (<f, 0) G Diff (T*M x o*) x F(T*M x o*, O) \ <p 2 = AdJ-i, 
(57) + CpI®m-pX®m e dT(T*M x o*)} , 

where p\ is the projection of T*M x o* onto its first component, and where we split the 
diffeomorphism (p into its two components (p\ G T{T*M x o*,T*M) and <p 2 G TiT*M x 
o*, o*). The verification is left to the reader. 

Let h G T{T*M x T*0)° and let h G F(T*M x o*) induced via h{(3 q ,a g ) = 
h^ qi a g g~ x ^) for all g G O, as in (49). From (53), the Hamiltonian vector field Xh 
on T*M x T*0, pushed forward to (T*M x o*) x O by the right trivialization (51), reads 

{p*X h )(P q ,a,g) = (JXh a (Pq),-ad* s - hl)q aj > ^^ff J ■ 

Here h a denotes the function on T*M obtained from h by fixing an element a G o*. 
Similarly, hp is the function on o* obtained by fixing /3 q G T*M. 

One can see that the Lie algebra auth am (^*^ x T*0) of all these Hamiltonian vec- 
tor fields with (^-invariant Hamiltonian function h is indeed the formal Lie algebra of 
Auth am (T*M x T*0). The second condition in (57), differentiated at (<p,0) in direction 

(U,U), tells us that (id *,dU^ + £qQm is an exact 1-form on T*M x T*0, which is 

equivalent to U + if/^M = dh for some h G J"(T*M x T*0). This means that U = X~ ha 
and (J = ^flL. 

to 

Remark 5.12 (The cocycle for Vlasov chromomorphisms) In the special case P = 
T*M x T*C, there is a more concrete expression of the cocycle (65) when restricted to 
Aut hSum (P), namely 

B{(<p,a),$,b))= / dS, 

J(J3o,*o) 

where (/3q, Co) £ T*Af x o* and we have introduced the generating function S, such that 

dS = (id o *,0~ 1 d0) + (plQu -p\®m- 
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5.4.2 Momentum maps 

We now give the expression of these momentum maps in the case where both principal 
bundles are trivial, that is, 

P s = S x O and P = M x O. 

In this case, an equivariant embedding in Embe> (Ps, T*P) = Emb (S x 0,T*M x T*0) 
is necessarily of the form 

(58) / : S x O T*M x T*0, f(x, g) = (P Q (x), Kg(x)g) , 

where P Q : S ->• T*M, n e : 5 ->■ T*C with P Q (x) G T* (x) M and G T fl * (a) 0. We 

endow the manifold S x O with the volume form /xp s := fig A /ie>, where \iq is the Haar 
measure on the compact group O, that is, f Ho = 1 an d Ho is C-invariant, so that 
Hp s is (^-invariant too. Remark that choosing the trivial connection A(v x ,£ g ) = <7 -1 £ s 
on Ps — S x O and the fact that 7 is Ad- invariant, we see that fip s := fig A and 
fip s = 7r*/i5 A .4* det 7 coincide, since the constant factor Vol(C) from lemma 4.2 is 1. 

Right momentum map. In order to compute explicitly the momentum map associ- 
ated to the action of Aut vo \(Pg) we shall make use of the isomorphism (48). Since the 
principal bundle Pg = S x O is trivial, a principal connection 1-form A is determined by 
a 1-form A G fi 1 (S', 0) through 

A(v x ,Q = Adg-i (A(v x ) + £ g g- 1 ) . 

The space Po(Pg, 0*) can be identified with P(S, 0*) via the relation 

X(x, g) = Ad* g (X(x)), A G F (Ps, 0*), A G ^(S, 0*). 

Finally, the horizontal lift of the vector v x G T X S is (i> z , — A^)^) G T^^Pg. Using these 
observations, the isomorphism (48) reads 

(59) ^U p s) -> n\S) x F(S,o*), Q4(a,A), 

where a(x)(v x ) = a(x, e)(v x , — A(v x )) and X(x) ■ £ = a(x,e)(Q x ,£). This clearly induces 
an isomorphism 

auUo^PsT = n 1 (Pg)/dP (Ps) {n l (S)/dP(S)) x ^(S,o*). 
Note that, since the bundle is trivial, we can always choose the trivial connection A = 0. 

Proposition 5.13 Suppose that Ps and P are trivial bundles. Then the momentum map 
associated to the right action of Aut vo \(Ps) on Embo(Ps,T*P) has the expression 

J R (f) = ([p Q *QM + K;Q -8- 1 K e -A],e~ 1 K e ) g (n 1 (s)/dP(s))xP(s,o*), 

where the embedding f is written as 

f(x,g) = (P Q (x),Kg(x)g), 

and G A f , So are the canonical one-forms on T*M , T*0. 
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Proof. We fix a connection A and use the isomorphism (59). Given G T*0, we 
denote by £p : O — > T*0 the orbit map defined by £p(g) = fig. Knowing that f(x,g) = 
(Pq(x), Kg(x)g), the first component a of a = f*Qp computes 

a(v x ) = (f*e P )(v x ,-A(v x )) 

= Pq*®m{v x ) + K* 9 Q (y x ) - <3>o(Tl Ke{x) (A(v x )). 

Using the definition of the canonical 1-form O and the identity (Ttt o Tip){£) = 7r(/3)£ 
for all (Go, the last term becomes 

Qo(T£ Ke[x) (A(v x )) = Kg(x) • (Ttt o T£ Kg(x) )(A(v x )) = Kg(x) ■ 6(x)(A(v x )) 
= 6{x)- x ko{x) ■ A(v x ), 

soa = Pq*Qm + K* e Q - e^ne ■ A G Q\S)._ 

The second component of a = f*Qp is A = Q~ x kq G ^(S, o*) because for all x G S 
and (Go 

A» ■ £ = (f*Qp)(O x , = ®o(T£ Keix) (£)) = Kg(x) ■ (Ttt o T£ Kg[x) )(Z) 
= K 6 (x)-9(x)^9(xy 1 Ke(x)-C. 

This shows that 

Mf) = ([PQ*9M + 49o-0- 1 Ko-A],0- 1 K 9 ) G (n l (S)/dF(S))xF(S,o*) 
is the momentum map associated to the right action. ■ 

Remark 5.14 (Trivialized expression) For comparison with the formula obtained in 
Proposition 5.1, it is useful to identify the manifold Embo(Ps, T*P) with the product 
Emb(S f , T*M x o*) x J-(S, O). This is possible thanks to Lemma 3.7. More precisely, to 
the equivariant embedding / : S x O — >■ T*M x T*0, 

f(x,g) = (P Q (x), Kg{x)g) , P Q :S^ T*M, Kg : S T*0, 

we associate the pair ((Pq,/i),9) G Emb(S,T*M x o*) x T(S,0), where 

/i(x) = Kg(x)9(x)~ G o*. 

In order to obtain the momentum map of Proposition 5.13 in terms of the variables (fi, 9), 
we introduce the right trivialization R : O x o* — > T*0, R(9,fi) = [i9 and we compute 
the expression R*Q . For (g, a) G O x o* and (£ g , v) G T*0 x o*, we have 

(R*Qo){ 9> a)(C g , v) = (©o)a 9 (T g £ a (Q + V v (ag)) 

= ag ■ T ag 7r(T g £ a (Q) = ag ■ £ g = a ■ £ g g~ L , 

where V v is the vertical vector field on T*0 defined by V v {ag) = ^| t=0 ((a + tu)g). Then 
for (9, a) : S — > O x o*, we have 

(9,a)*(R*e )(v x ) = (R*Qo) { g ix)Ax)) (d^d/i) = /i(x) • (d9)9~ 1 (x). 

Therefore, the right momentum map from proposition 5.13 becomes 

3 R (P Q , a,9) = ( [P q *Qm + (9, n)*R*Q - 9~ X Kg ■ A] , 6~ l K d ) 

= ( [P q *Qm + V ■ (d9)9~ 1 - Ad; fi ■ A] , Ad; //) . 

For A = and S = M 3 , we recover the expression of Jr from proposition 5.1. 



39 



Left momentum map. From the general formula (50) above, we have 



3 L : Emb (S x 0,T*M x T*0) -»■ JF{T*M x T*0) 



o 



JF{T*M x o*) 



and 




5 AyUo 



Js 



\ h(P Q (x),K 9 (x)9(x) fj, s . 



Hence, we can write the formula 




As we have discussed, the above momentum map is not a solution of the EP^4Mt vo i 
equation. However this expression is of primary importance in the kinetic theory of 
Yang-Mills Vlasov plasmas, since this is nothing else than the single particle solution 
of the Vlasov equation, which is the base for the theory of Yang-Mills charged fluids. 
Indeed, in Gibbons, Holm, and Kupershmidt [1983] it is shown that the Vlasov equation 
itself is directly constructed starting from the above momentum map. 

6 Conclusions 

After presenting the EP Aut equations in the case of a trivial principal O— bundle P = 
M x O, the paper introduced the associated left and right momentum maps which ex- 
tend the well known dual pair structure for geodesic flows on the diffeomorphism group 
Holm and Marsden [2004]. Thus, as a first result, the paper incorporated the momentum 
maps found in Holm and Tronci [2008] in a unifying dual pair diagram, whose right leg 
provides the Clebsch representation of the EP Aut system, while the left leg provides the 
singular 5— like solutions. 

In the third section, the paper extended the previous construction to consider the 
case of a non-trivial principal O— bundle P. For this more general case, the EPAut 
equations were written also in terms of the adjoint bundle AdP = (P x o)/0, by using the 
identification between O— equivariant maps J-e>(P, o) and the space T(AdP) of sections 
of the adjoint bundle. In this setting, the momentum maps were defined on the space of 
O— equivariant embeddings Embo (P5, P) of the sub-bundle P5 in the ambient bundle P. 
This is a crucial point because it showed for the first time how the right action momentum 
map (Clebsch representation) necessarily involves the connection on Pg. When specialized 
to the case of a trivial bundle, the EP Aut dual pair showed how the singular solutions 
may support their own magnetic field, for example in the case of current sheets. This is 
a very suggestive picture that arises from the principal bundle structure of the embedded 
subspace. 

The fourth section considered the case of an incompressible fluid flow. In this frame- 
work, one considers the group of volume-preserving automorphisms Aut vo i(P), that is 
bundle automorphisms that project down to diffeomorphisms Diff vo i(M) on the base 
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M = P/O, which preserve a fixed volume form. Again, the equations were presented 
in both cases of a trivial and non-trivial principal bundle. This geometric construction 
was compared with a similar formulation that also applies to Euler's vorticity equation, 
in the context of Marsden and Weinstein [1983]. Left- and right-action momentum maps 
were presented also for this case, along with explicit formulas. These formulas require 
a deep geometric construction that involves Lie group extensions. For example, the left 
leg momentum map required the definition of the chromomorphism group, a Yang-Mills 
version of the quantomorphism group from quantization theory. Indeed, new definitions 
of infinite-dimensional Lie groups arose naturally in this context: the special Hamiltonian 
automorphisms and two variants of the chromomorphism group. 

A Appendices on IZPAut flows 

A.l Proof of Lemma 3.1 

We will use the formula 

[U, V] L = a ([A(U),A(V)] + d A (A(U))V - d A (A(V))U + B(U, V)) 
(60) +hov([U,V] L ), 

where [ , }l denotes the (left) Lie algebra bracket and B is the curvature of the connection. 
We refer to Lemma 5.2 in Gay-Balmaz and Ratiu [2008] for a proof of this formula. 
Denoting by ( , ) the L 2 -pairing, for an arbitrary v G X(M), we have 

((Hor 4 )* £ v p,v) = (p, [tf,Hor*v] £ ) 

= (/?,hor([[/,Hor 4 v] L ) + ^(dcj-Hor 4 v + £(HorV, Hor 4 v))) 
= </3,Hor 4 ([u,v] L )) + <Jo/3,dwHor- 4 v + ^([Hor^u,Hor- A v] L )) 

= (£ u (Hor 4 )* /3,v)} + ((Hor 4 )*(Jo/3-du;),v) 

+ ((Hor 4 )*i: Ho ^ u (Jo/3.^),v), 

thus proving the first formula. 

For an arbitrary 9 G ToiP, o), we have 

(J o £ v (3, 6) = (£ v p, a(9)) = ((3, [U, a(9)] L ) = ((3, a([u, 9] - d A 9 ■ U)) 
= -(Jop,69-U) = -(I o p,d9-RoT A u - [u,9]) 
= {£ Koi A u (Jop) + adUXop),9) 

This proves the second formula. ■ 
A. 2 Proof of Lemma 3.7 

Recall from §3.6 that the momentum maps of the EP^4wt-equation are defined on the 
cotangent bundle of the Kaluza-Klein configuration space 

Qkk = {Q ■ Ps -> P I Q o = $ 3 o Q and Q G Emb(^, M)}, 
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where Q : S — > M is defined by the condition ir o Q = Q o n. Note that Qkk is a natural 
generalization of the space Emb(S', M) associated to the EPDiff equations. Another 
natural generalization would be the space Embo(Ps, P) of equivariant embeddings Q : 
Ps — > P. We now show that these spaces coincide, that is 

Q KK = Emb (P S ,P). 

(1) We first prove the inclusion Embo(Ps, P) C Qkk- Given Q G Emb (P s , P) 
we consider the induced map Q : S — > M. Since Q is smooth, Q is also smooth and 
it remains to show that Q is an embedding. Equivalently, we will show that Q is an 
injective immersion and a closed map. To prove that it is injective, choose S\, s 2 G S such 
that Q(si) = Q(s 2 ). Let pi and p 2 be such that n(pi) — s i5 % — 1, 2. We have 

T(G(p 1 )) = Q(«i) = Q(a a ) = T(G(p 2 )) ) 

therefore, there exists g G G such that Q{pi) = Q g (Q(p2)) = Q(& g (p2)) by equivariance. 
Thus, since Q is injective, we have p\ = $ 9 (j>2)- This proves that si = S2- We now show 
that Q is an immersion. Suppose that v s G TS is such that T s Q(v s ) = 0. For v p G T p Ps 
such that Tir(v p ) = v s , we have 

T-k{TQ{v p )) — TQ(Ttt(v s )) — 0. 

This proves that TQ(v p ) is a vertical vector. Since Q is an equivariant embedding, v p 
must be vertical. Thus, we obtain v s = Tir(v p ) = 0. This proves that Q is an immersion. 
Let F C S be a closed subset. The preimage T = n^ 1 (F) C Ps is also closed since n is 
continuous. We can write 

Q(F) = Q(tt(J-)) = tt(Q(J-)), 

and this space is closed since T is closed, Q is an embedding, and ir is a quotient map. 

(2) We now show the inclusion Qkk C. Embe^Ps, P). We first verify that Q G Qkk 
is injective. Given pi,p2 G Ps, we have 

Q(pi) = Q(p 2 ) Q(tt(pi)) = Q(7r(p 2 )) 7T(pi) = 7T(p 2 ) 

by injectivity of Q. Therefore, there exists g G G such that p 2 = ^g^i) an d we have 
Q(pi) = Q(j>2) = Qi^gipi)) — & g (Q(Pi))- By the freeness of the action, we have g = e. 
This proves that p± = p 2 and that Q is injective. We now prove that Q is an immersion. 
Let v p G TPs such that TQ(v p ) = 0. The equality 

TQ(Ttt(v p )) = Ttt(TQ(v p )) = 0, 

shows that the vector v p is vertical, since Q is an immersion. Thus, we can write v p = 
Cp s {p) for a Lie algebra element (6 0. By equivariance, we get 

= TQ(Z Ps (p))=Z P (Q(p)). 

This proves that £ = and that v p = 0. We now show that Q is a closed map. Let 
J 7 C Ps be a closed subset. In order to show that Q(.P) is closed, we consider a sequence 
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(q n ) C Q(F) converging to q G P and we show that q G Q(.P). Define y n := 7r(g n ) G 
Q(F), where F := ^(J 7 ) and y := vr(g). The sequence (y n ) converges to y and we have 
y G Q(F) since Q(F) is closed. Thus, we can consider the sequence x n := Q~ l (y n ) 
converging to x := Q _1 (y). Let (p n ) G J 7 C Ps be the sequence determined by the 
condition Q(p n ) = qn- Let s be a local section defined on an open subset U containing 
x. Since n(p n ) = x n , there exists g n G G such that p n = $ 9n (s(x n )), and we have 
q n = QijPn) = Q($ 9 „00n))) = ®g n (Q(s(x n )). Since the sequences (q n ) and (Q(s(x n ))) 
converge, there exists a subsequence g nk converging to g G O, by properness of the 
action. Thus, (q nk ) converges to $ 9 (<2(s(x))) = <2($ 9 (s(x))), and $ ff (s(x)) G J 7 since p nfc 
converges to $ g (s(x)) and J 7 is closed. This proves that q G Q(-F). M 

A. 3 Momentum maps on trivial bundles 

If the principal bundles are trivial, then the Kaluza-Klein configuration manifold is 

Qkk = Emb (S x O, M x O) = Emb(S, M) x ?(S, O) 
by Lemma 3.7. Moreover, Q G Qkk, <p e .Aixt(P), and ip £ .Aui(Ps) read 

= (Q( S );0O)#); vfotf) = (»7(a?)»x(a ? )»)» and #) = P(s)g). 

Thus the left and right compositions ip o Q and Q o ip recover the actions (9) and (12). 
In the same way Vq G TqQkk can be written VQ(s,g) = (Pq(s), Kg(s)g). Thus, £ : = 
JoP s G Jo(Ps, o)* and := (Hor^)* V Q read 

C(«,») = Ad^ ((r^Xs)) and P$( a ) = P Q («) - M" 1 )^) -A(Q(a)). 

Here A denotes the one-form on M induced by the connection A, that is, we have 

A(v x ,Q = Ad fl -i (A(u x ) + ^g' 1 ) • 

Since Q o ( can be identified with kq9~ 1 , the left momentum map reads 

Jl {Vq) 

(P Q (s) - ^( s )^( s )- 1 -A(Q(s))) 5(x - Q(s))d fc s, / /^(sMs)" 1 ^ - Q(s))d fc ^ 
(61) 

G £(M)* x F(M,o)*. 

We now show that this expression agrees with formula (10). Since the bundle is trivial, 
a vector field U G aut(P) is naturally identified with the pair (u, v) G X(M) x T(M, o). 
In this case, the connection dependent isomorphism, U i— >■ (A(U), [U]) reads simply 
(u, v) i — y (A • u + v, u) . Similarly, the one- form density (3 G aut(P)* is identified with 

the pair (m, C). In this case, the isomorphism (3 ^(Hor 4 )* /3, J o pj reads simply 

(m, C) i — ^ (m — C-t4,C). This is exactly the transformation yielding (61) from (10). 
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Concerning the right momentum map, using the formulas 
dQ (Hoi^t;,)) = dQ (v s , -A s (v.)g) 

= (dQ(v s ),de(v s )g-e(s)A s (v s )g) 
A (dQ (Hor^(^))) = Ad mg) -i (A(dQ(v s )) + (d9(v s )g - 8(s)A s (v s )g) (e(s)g)~ l ) 

= Ad,-! (9^A(dQ(v s ))9 + 6- x d6{v s ) - A s {v s )) , 
and the expression (30), we get 

3 R (Q, P^, K d ) = ((P^ + KgO-^Ao Q) dQ + K e -(d6 - 6A S ) , fl" 1 ^) 

= (p Q dQ + e-W {e^de - a s ) , 

= (P Q -dQ + Kg- (d9 - 6A S ) ,9-' k 6 ) . 
This expression recovers (13) when As is the trivial connection. 

B Appendices on incompressible 'EPAut flows 
B.l Two dimensional 'EPAut vo \ equations 

If the manifold M has dimension two, the volume form \xm can be thought of as a sym- 
plectic form, and a vector field u is divergence free if and only if it is locally Hamiltonian. 
If the first cohomology of the manifold vanishes, H 1 (M) = {0}, then a divergence free 
vector field u is globally Hamiltonian and we can write u = X^, relative to a stream 
function ip defined up to an additive constant. The space 3£ vo i(M) can thus be identified 
with the quotient space J-"(M)/M and the dual is given by functions w on M such that 
§ m w\im = 0. We denote by J r (M)o this space. The duality pairing is given by 

([if)],w) = [ ifimuM, [if)] £ F(M)/R, w £ F{M) . 

Note that vjhm is an exact two- form since its integral over the boundaryless manifold M 
is zero. This description of the Lie algebra and its dual is compatible with (37) in the 
following sense. First, we have the isomorphisms u = £ X vo i(M) h-> [if)] £ T(M)fR, 
and u = wfiM £ dQ 1 (M) i->- w £ J 7 (M) . Second, the corresponding duality pairings 
verify 

(ti7/i M ,X V ,) = (w, [if)]). 

Consistently, the correspondent functional derivatives of a Lagrangian I are related by 
the formula 

51 51 

(62) *u = Wf^ 

Inserted into (38), this relation yields the system 

(63) 



d 51 (51} (51 



dt5[ip] [5[ip] ,T J [5u 



d 51 (51 ,\ „ 61 
at 5v 5v 5v 
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where in the last term of the first equation, summation over i is assumed. At this 
point, an interesting analogy appears with the equations of reduced MHD in the so 
called low /3-limit Morrison and Hazeltine [1984]; Marsden and Morrison [1984]; Holm 
[1985]. These equations are Lie-Poisson on the dual of the semidirect-product Lie algebra 
X vo i(M 2 ) © ^(M 2 , E), that is the Lie algebra of Aut vol (R 2 x S 1 ) ~ Diff vol (M 2 ) (s) ^(M 2 ). 
More particularly, the low /3-limit of the reduced MHD equations arises as the EP Aut vo \ 
system (63) on M 2 x S 1 with the Lagrangian 



KM 



\ J (lWf + |W| 2 ) dxdy 



Analogous versions involving a non-Abelian group O are easily obtained. 

B.2 Group actions for the Marsden- Weinstein dual pair 

Let S be a compact manifold with volume form fig and let (M, u) be an exact (and hence 
noncompact) symplectic manifold, with u = —d8. We endow the manifold Emb(5', M) 
of embeddings with the symplectic form 



(64) u(f)(u f ,v f ) = / u(f(x))(u f (x),v f {x))ns- 

Js 

Right momentum map. The infinitesimal generator associated to the right action of 
the group of volume preserving diffeomorphisms is given by 

UEmb(Z) =T/ou, u G X vol (5), / G Emb(S, M) 

and the associated momentum map (43) reads 

J«Cf) = [f*0] g &(S)/&F(S) 

We now check that verifies the momentum map condition. Since the action of the 
diffeomorphisms of M on Emb(S', M) is infinitesimally transitive, any tangent vector at 
/ G Emb(S, M) is of the form v o /, and it suffices to show the equality 

d(J ft u)(/)(vo/)=w(u Emb ,vo/), for all / G Emb(S', M) and v G X(M). 

Given a curve cp t G Diff(M) with ^| t=0 yt = v , w e have 

d 



d(3 R ,u) (/)(vo/)=^ 



(J R ((ft o/),u> 
t=o ai 



t=o Js 



s 



(f*£ v 9)(u)fi s = - / i u f*(i v uj)iis 
s Js 

/ u(r/ou,vo/)|i S = (i UM u)(vo/). 
Js 



This proves the desired formula. 
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Left momentum map and the central extension of Diff ham (M). The momentum 
map one should obtain from the left action of Hamiltonian diffeomorphisms has the 
expression (44) 

J L (/)= / ^-/(i)KeJ(M)«. 
Js 

Note however that there is an ambiguity in this formula since it confuses the Lie algebra 
of Hamiltonian vector fields with the Lie algebra of Hamiltonian functions. In order to 
overcome this difficulty, it is necessary to consider the action naturally induced by the 
prequantization central extension of the subgroup D iff ham (-^0 of Hamiltonian diffeomor- 
phism. The crucial property for us being that the Lie algebra of this central extension is 
isomorphic to the space of functions on M endowed with the symplectic Poisson bracket. 

In the particular case of an exact symplectic form u = —d9, the prequantization 
central extension of Diffh am (M) is diffeomorphic to the cartesian product Diffj iam (M) x R 
and is described by a group two cocycle B. We denote by Diffh am (^0 x s M this central 
extension. The ILM-cocycle B is described in Ismagilov, Losik, and Michor [2006] and 
depends on the choice of a point n G M. It is given by 

(65) B^ipi) := (e-tpie), pi,¥> 2 GDiffham(M), 

J no 

where the integral is taken along a smooth curve connecting the point no with the point 
(^2(^0)- K is known that the 1-form 9 — ip*9 is exact for any Hamiltonian diffeomor- 
phism (pi (McDuff and Salamon [1998]), so the value of this integral does not depend 
on the choice of such a curve. Moreover the cohomology class of B is independent of 
the choice of the point and of the 1-form 9 such that u = —d9, see Theorem 3.1 
in Ismagilov, Losik, and Michor [2006]. As it is well-known (Kostant [1970]), the Lie 
algebra of the prequantization central extension is isomorphic to the space of smooth 
functions on M endowed with the symplectic Poisson bracket. In the particular case of 
Diffham(M) Xgl, the Lie algebra isomorphism being given by 

(66) I hm (M)xl^J(M), (X h ,a)^h + a-h e (n ), 

where hg = h — 9(Xh), see Gay-Balmaz and Tronci [2011] for a detailed computation and 
further use of the ILM cocycle. 

We consider the left action of (tp,oc) G Diffham(M) Xglon Emb(S f , M) given by 
(tp, a) ■ / := tp o /. The infinitesimal generator associated to the Lie algebra element 
h G F{M) reads 

h E mb(f) = X h O f. 

With this geometric setting, we obtain that the momentum mapping associated to the 
left action of the central extension Diffham(^0 Xglon Emb(5', M) is given by 

3 L : Emb(5, M) jF(M)* , J L (f) = [ 5{n- f{x))» s , 

Js 

that is, 

(3df),h)= [ h(f(x))n 8 . 
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A direct computation shows that the momentum map condition 

d(3 L ,h)(f)(v f )= / (dh(v f (x)))fj, s = / u{X h o f, v f )fi s = i/. Emb w(f/), 
Js Js 

is verified for all Vf G Tf Emb(5', M). 

We recall below from Marsden and Weinstein [1983] some remarkable properties of 
these momentum maps. 

Remark B.l (Equivariance, Clebsch variables, and Noether theorem) It is read- 
ily seen that the momentum maps are equivariant, since we have 

Jr(/ ° V) = V*Jii(f) and J L (tp o f) = <p m J L (f), 

for all 77 G Diff vo i(S f ) and ip G Diffh am (M). Therefore, these maps are Poisson and provide 
Clebsch variables for the Lie-Poisson equations on JF(M)* and 3£ vo y(S)*. For appropriate 
choices of Hamiltonian, one obtains the Vlasov equation on M and Euler's equation on 
S. In particular, Jl can be interpreted as a singular Klimontovich solution of the Vlasov 
equation on J-*(M), Holm and Tronci [2009]. See Marsden et al. [1983] for a geometric 
treatment of the Vlasov equation in plasma physics. 

One also notices that Jl is invariant under the right action of Diffvo^S 1 ) and Jr is 
left-invariant under the action of Diffham(^0 x^l. Therefore, the collective Hamiltonians 
are invariant and, by Noether's theorem, these momentum maps provide a conservation 
law for the Clebsch variables. 

Remark B.2 (Two dimensional coincidences) A very interesting coincidence holds 
for the case of Euler's equation in two dimensions. In this case, Euler's equation for the 
vorticity u G £ vo i(IR 2 )* has exactly the same form of a Vlasov equation on J-"(M 2 )* and, 
upon denoting by {-, ■} the canonical Poisson bracket in M = M 2 , the right momentum 
map becomes Jr(Q, P) = Y^=i W*' ^»} wm ch coincides with the Clebsch representation 
of the Vlasov distribution in J-"(IR 2 )*. However, in two dimensions, the left leg momentum 
map also returns a solution of Euler's equation. In particular, if S is a point with a certain 
weight w G R and the fluid moves in M = R 2 , then the left momentum map Jl yields 
another Clebsch representation of the vorticity, which is the well known point vortex 
solution on the plane. As we shall see, this coincidence does not hold for EPAut vo \. 

B.3 Proof of Theorem 5.1 

We shall proof this result in the case when w = 1 in (45), since extending to arbitrary 
values of w is straightforward. We know from the definition of momentum map that 
inserting Jg = (J, 0) in the Poisson bracket (45) must return the infinitesimal generator 
(46), that is 

{F,(J R ,(u,C)>} =dF((u,C) E mb(R3, R 2 fcx0 .) Xj r (K 3 iO )), for all (u, C) G X vol (M 3 ) ©F{R 3 , o). 
This proof shows that the above relation holds. 
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One evaluates 



(67) J (u , c) := (J R , (u, 0) = j (VQ • P + Tr (// W 0" 1 ) ) ■ u + | Tr (// Ad, C) 

Since the (Q, P)-components of the infinitesimal generator are evidently recovered by a 
simple verification, we focus on the (fx, 0)-components. As a first step, we compute the 
^-component, which arises from the second term in the bottom line of (45). Thus, first 
we calculate 



^4^ = u-v^r 1 + Ad,c 

Ofl 



and therefore we obtain 
'8F 5J M 



5F 



59' Sfi 

which evidently coincides with the ^-component of the Lie algebra action in (46). 
We now focus on the yU-component. As a first step, we compute 



SF SJ, 



(u,C) 



5li 5ji 



6F_ 

5 fx 



,(u-V0) O^ + AdeC 

5_F_ 
Sfi 



(Ad ^' 



8_F_ 
5 fx 



— ~ J ^ a d( u -v6») e- 1 
The 0- variation of J( u ,c) * s expressed as 

SJ(u,0 = J Tr (jL T V5dd- 1 - ifvee-HOQ-^j ■ u + j (A&1 (ad^-x /x), ( 

= - J Tr (u ■ V(0- 1 // 2 >0) - y Tr (V 1 //^ • V0)0^ 

- Jtt^- 1 ( a d* {Adg0 ix) T 5e), 

where we have used the general formula Marsden and Ratiu [1999] 

5(Ad* e -i /i) = Ad* e -i [5(x — ad* 9 -i 5e fx) . 



Therefore 



s -^f = -u • v (MrT) - (o-y (£»e T ) ti^Y - K Ade a*) (O 



1\T 



and the last term in (45) yields 



SJ t 



(u,C) 



<5F 



50 ' 5// 



-0 



Tr 



SJ(u,Q T 5F 

50 5//' 







J Tr((0£ u (rV T ) +f(£ u 0)0- 1 + (ad^ Adflf)/ i) T ) ^ 
J Tr ^ ( (£ u 0) r 1 ] + £ u fx T + (ad^ Ade /if) |0 
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In conclusion, we are left with 
~6F 6J {U>0 



5 fx ' 5ll 



5J< 



, S_F e 



59 7 Sfjt 



p 5 Z 

OjJ, 



which coincides with the /i-component of the infinitesimal generator in (46). 



B.4 Proof of Theorem 5.3 

For each Hamiltonian automorphism ip G Auth am (P), the 1-form tp*9 — 9 is exact and 
(^-invariant, hence there exists a function F^ G F(P) such that dF v = tp*9 — 9. Let 
be the map defined by 



F^o^ g e 



for all g G O. 



Then ^ is independent of the choice of the function F v and is a group homomorphism, 
that is, ^^(gh) = ^^(g) + ty<p(h). We thus get a map 



* :Aut ham {P) ^Hom(0,: 



To show that ^> is a group homomorphism, we use the identity dF^ ^ 
and the O-equivariance of i/j to obtain, for all g G O, 



d^Fy + F^ 



- Kip*F v + F^ 



%f^ = + *M = + *i>)(gy 



This proves that \l/ is a group homomorphism, so its kernel Aut^ aja {P) := ker\l/ is a 
normal subgroup of Auth am (P), by the first homomorphism theorem. 

In order to find its Lie algebra, we compute the associated Lie algebra homomorphism 

P : aut ham (P) ^Hom(C,M). 

Let Xh, h G F(P), be an (9-equivariant Hamiltonian vector field on P and let tp t be a 
curve of Hamiltonian automorphisms of P such that j|| t _ ft — X^. We know from (55) 
that there exists a function F t := F ipt on P such that ip*0 — 9 = dF t . Then we obtain 



d {jt t o F ?)=£ Xh 9 = d(i Xh 9-h) 



which we use, together with the (9-invariance of the function ix h 9, to compute 



«(J) = | 



t=o 



^ - /i) - (i Xh ^ - /i) o $ s 



a' 



Note that, as it should, the expression h o Q g — h depends only on and not on the 
chosen Hamiltonian. 

In conclusion the homomorphism 0(Xf l ) measures the lack of CMnvariance of the 
Hamiltonian function h. This means that ker/3 = autham(-P), the Lie algebra of Hamil- 
tonian vector fields with invariant Hamiltonian functions. The integrated version of this 
ideal is the normal subgroup Aut\ iam (P) = ker \I/ of Aut\ iani (P) . ■ 



49 



References 

Arnold, V.I. [1966], Sur la geometric diffcrentielle des groupes de Lie de dimension infrnic et ses applica- 
tions a l'hydrodynamiquc des fluides parfaits. Ann. Inst. Fourier (Grenoble) 16 319-361. 

Abraham, R. and J. E. Marsden [1978], Foundations of Mechanics. Bcnjamin-Cummings Publ. Co, 
Updated 1985 version, reprinted by Perseus Publishing, second edition. 

Banyaga, A. [1997], The Structure of Classical Diffeomorphism Groups, Kluwer Academic Publishers. 

Bleecker, D. [1981], Gauge theory and variational principles, Global Analysis Pure and Applied Scries 
A, 1. Addison- Wesley Publishing Co., Reading, Mass. 

Camassa, R. and D. D. Holm [1993], An integrable shallow water equation with peaked solitons, Phys. 
Rev. Lett. 71(11), 1661-1664. 

Chen, M., S. Liu, and Y. Zhang [2005], A two-component generalization of the Camassa-Holm equation 
and its solutions., Lett. Math. Phys. 75(1), 1-15. 

Constantin, A. and R. I. Ivanov [2008], On an integrable two-component Camassa-Holm shallow water 
system, Phys. Lett. A 372, 7129-7132. 

Ebin, D. G. and J. E. Marsden [1970], Groups of diffcomorphisms and the motion of an incompressible 
fluid, Ann. of Math. 92, 102-163. 

Foias, C, D. D. Holm, and E. S. Titi [2001] The Navier-Stokes-alpha model of fluid turbulence, Phys. 
D, 152/3 505-519. 

Garcia de Andrade, L. C. [2006], Vortex filaments in MHD, Phys. Scr. 73, 484-489. 

Gay-Balmaz, F. [2009], Well-poscdness of higher dimensional Camassa-Holm equations on manifolds with 
boundary, Bull. Transilv. Univ. Brasov Ser. Ill 2(51), 55-58. 

Gay-Balmaz, F. and T. S. Ratiu [2005], The Lie-Poisson structure of the LAE-a equation, Dyn. Partial 
Differ. Equ. 2 (1), 25-57. 

Gay-Balmaz, F. and T. S. Ratiu [2008], Reduced Lagrangian and Hamiltonian formulations of Eulcr- 
Yang-Mills fluids, J. Symplectic Geom. 6 189-237. 

Gay-Balmaz, F. and T. S. Ratiu [2009], The geometric structure of complex fluids, Adv. Appl. Math. 42 
(2) 176-275. 

Gay-Balmaz, F. and C. Tronci [2011], Vlasov moment flows and geodesies on the Jacobi group, preprint 
(http : //arxiv. org/pdf /1105 . 1734). 

Gay-Balmaz, F. and C. Vizman [2011], Dual pairs in fluid dynamics, Ann. Glob. Anal. Geom., to appear. 

Gibbons, J., D. D. Holm and B. Kupershmidt [1983], The Hamiltonian structure of classical chromohy- 
drodynamics, Phys. D 6 (1983), 179-194. 

Haller, S. and Vizman, C. [2004], Non-linear Grassmannians as coadjoint orbits, Math. Ann. 329, 771- 
785. 

Hattori, Y. [1994], Ideal magnetohydrodynamics and passive scalar motion as geodesies on semidirect 
product groups, J. Phys. A 27 L21-L25 

Holm, D. D. [1985], Hamiltonian structure for Alfven wave turbulence equations, Phys. Lett. A, 108(9), 
445-447 



50 



Holm, D. D. [2002], Euler-Poincare dynamics of perfect complex fluids. In Geometry, mechanics, and 
dynamics. Volume in honor of the 60th birthday of J. E. Marsden". Edited by P. Newton et al., New 
York, Springer, pp. 113-167. 

Holm, D. D. and J. E. Marsden [2004], Momentum maps and measure- valued solutions (pcakons, fila- 
ments and sheets) for the EPDiff equation, Progr. Math., 232, 203-235. 

Holm, D. D., J. E. Marsden, and T. S. Ratiu [1998], The Euler-Poincare equations and semidirect 
products with applications to continuum theories, Adv. Math. 137(1), 1-81. 

Holm, D. D. and R. Ivanov, Two-component CH system: inverse scattering, peakons and geometry, 
Inverse Problems 27 045013 

Holm, D. D. and B. A. Kupcrshmidt [1988], The analogy between spin glasses and Yang-Mills fluids, J. 
Math. Phys. 29, 21-30. 

Holm, D. D., L. O Naraigh, and C. Tronci [2009], Singular solutions of a modified two-component 
Camassa-Holm equation, Phys. Rev. E 79, 016601. 

Holm, D. D., V. Putkaradzc, and S. N. Stechmann [2004], Rotating concentric circular pcakons, Nonlin- 
earity 17(6), 2163-2186. 

Holm, D. D., T. J. Ratnanather, A. Trouve, and L. Younes [2004], Soliton dynamics in computational 
anatomy. Neuroimage 23 S170-S178. 

Holm, D. D. and C. Tronci [2008], Geodesic flows on semidirect-product Lie groups: geometry of singular 
measure-valued solutions, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci, 465(2102) 457-476. 

Holm, D. D. and C. Tronci [2009], Geodesic Vlasov equations and their integrable moment closures, J. 
Geom. Mech., 2, 181-208 

Ismagilov, R. S., M. Losik, and P. W. Michor [2006], A 2-cocycle on a group of symplectomorphisms, 
Moscow Math. J. 6, 307-315. 

Kriegl, A. and P. W. Michor [1997], The Convenient Setting of Global Analysis, Math. Surveys Monogr. 
53, American Mathematical Society, Providence, RI. 

Kostant, B. [1970], Quantization and unitary representations, Lecture Notes in Math. 170, 87-208. 

Kuz'min, P. A. [2007], Two-component generalizations of the Camassa-Holm equation, Math. Notes 81, 
130-134. 

Marsden, J. E. and P. J. Morrison [1984], Noncanonical Hamiltonian field theory and reduced MHD, 
Contemp. Math., 28, 133-150 

Marsden, J. E. and T. S. Ratiu [1999], Introduction to mechanics and symmetry, Second Edition, Springer. 

Marsden, J. E., T. S. Ratiu, and S. Shkoller [2000], The geometry and analysis of the averaged Eulcr 
equations and a new diffeomorphism group, Geom. Fund. Anal., 10(3), 582-599. 

Marsden, J. E. and A. Weinstein [1983], Coadjoint orbits, vortices, and Clebsch variables for incompress- 
ible fluids, Phys. D 7(1-3), 305-323. 

Marsden, J. E., A. Weinstein, T. S. Ratiu, R. Schmid and R. G. Spencer [1983], Hamiltonian system with 
symmetry, coadjoint orbits and Plasma physics, Atti Accad. Sci. Torino CI. Sci. Fis. Mat. Natur., 
117(1), 289-340. 



51 



McDuff, D. and D. Salamon [1998], Introduction to symplectic topology, Second Edition, Oxford Math. 
Monogr., Oxford University Press. 

Montogmcry, R., J. E. Marsden, and T. S. Ratiu [1984], Gauged Lie-Poisson structures, Contemp. Math., 
28, 101-114 

Molitor, M. [2010], The group of unimodular automorphisms of a principal bundle and the Euler- Yang- 
Mills equations, Differ. Geom. Appi, 28(5), 543-564 

Morrison, P.J. and R. D. Hazeltine [1984], Hamiltonian formulation of reduced magnetohydrodynamics, 
Phys. Fluids 27, 886-897 

Ortega, J. -P. and T. S. Ratiu [2004], Momentum maps and Hamiltonian reduction, Progr. Math. 222. 

Shkoller, S. [2000], Analysis on groups of diffcomorphisms of manifolds with boundary and the averaged 
motion of a fluid, J. Diff. Geom., 55(1), 145-191. 

Vizman, C. [2001], Geodesies on extensions of Lie groups and stability: the superconductivity equation, 
Phys. Lett. A, 284, 23-30. 

Vizman, C. [2008], Geodesic equations on diffeomorphism groups, SIGMA Symmetry Integrability Geom. 
Methods Appl. 4. 

Vizman, C. [2011], Natural differential forms on manifolds of functions, Arch. Math. (Brno), 47(3), 
201-215. 

Wcinstein, A. [1983], The local structure of Poisson manifolds, J. Diff. Geom. 18, 523-557. 



52 



